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VII. A Memoir on Cubic Surfaces. By Professor Cayley, F.B.S. 

Eeceived November 12, 1868, — Bead January 14, 1869. 

The present Memoir is based upon, and is in a measure supplementary to that by Pro- 
fessor Schlafli, " On the Distribution of Surfaces of the Third Order into Species, in 
reference to the presence or absence of Singular Points, and the reality of their Lines," 
Phil. Trans, vol. cliii. (1863) pp. 193-241. But the object of the Memoir is different. 
I disregard altogether the ultimate division depending on the reality of the lines, attend- 
ing only to the division into (twenty-two, or as I prefer to reckon it) twenty-three cases 
depending on the nature of the singularities. And I attend to the question very much 
on account of the light to be obtained in reference to the theory of Reciprocal Surfaces. 
The memoir referred to furnishes in fact a store of materials for this purpose, inasmuch 
as it gives (partially or completely developed) the equations in plane-coordinates of the 
several cases of cubic surfaces, or, what is the same thing, the equations in point-coor- 
dinates of the several surfaces (orders 12 to 3) reciprocal to these repectively. I found 
by examination of the several cases, that an extension was required of Dr. Salmon's 
theory of Reciprocal Surfaces in order to make it applicable to the present subject; and 
the preceding " Memoir on the Theory of Reciprocal Surfaces " was written in connexion 
with these investigations on Cubic Surfaces. The latter part of the Memoir is divided 
into sections headed thus: — "Section 1=12, equation (X, Y, Z, W) 3 =0" &c. referring 
to the several cases of the cubic surface ; but the paragraphs are numbered continuously 
through the Memoir. 

The twenty-three Cases of Cubic Surfaces — Explanations and Table of Singularities. 

Article Nos. 1 to 13. 

1. I designate as follows the twenty- three cases of cubic surfaces, adding to each of 
them its equation : 

I =12, (X, Y, Z, W) 3 =0, 

II =12-C„ W(0, 6, <?,/, g, A£X, Y, Z) 2 +2£XYZ=G 5 

III =12-B 8 , 2W(X+Y+Z)(JX+mY+wZ)+2AXYZ=0, 

IV =12-2C a , WXZ+Y 2 ( y Z+SW)+(^ b, c, dT£X, Y) 3 ^0, 

V =12-B 4 , WXZ+(X+Z)(Y 2 -aX 2 -~SZ 2 )=0, 

VI =12-B 8 -C a , WXZ+Y 2 Z+(a, b, c, cZJX, Y) 3 =0 ? 
VII=12-B 5? WXZ+Y 2 Z+YX 2 -Z 3 =0, 
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VIII =12-3C„ Y 3 +Y 2 (X+Z+W)+4tfXZW==0 5 

IX =12-2B 8 , WXZ+(a, b, c, ^IX 5 Y) 3 =0, 

X =12-B 4 -C a , WXZ+(X+Z)(Y 2 ~X 2 )==0, 

XI =12-B 6 , WXZ+Y 2 Z+X 3 ~Z 3 =0, 

XII =12 -U 6 , W(X+Y+Z) 2 +XYZ=0 5 

XIII =12-B,-2C W WXZ+Y 2 (X+Y+Z)=0, 

XIV =12-B 5 -C 2 , WXZ+Y 2 Z+YX 2 =0, 

XV =12-U 7 , WX 2 +XZ 2 +Y 2 Z=0, 

XVI t=12-4C a , W(XY+XZ+YZ) + XYZ = 0, 

XVII =12-2B 3 --C 2 , WXZ+XY 2 +Y 3 =0, 

XVIII =:12-B 4 -2C 2 , WXZ+(X+Z)Y 2 =0, 

XIX =12-B 6 -C 2 , WXZ+Y 2 Z+X 3 =0, 

XX =12-U 8 , WX 2 +XZ 2 +Y 3 =0, 

XXI =12-3B 8 , WXZ+Y 3 =0, 

XXII = 3, S(l, 1), WX 2 +ZY 2 =0, 



XXIII = 3, S(l, 1), X(WX+YZ)+Y 3 =0; 

2. Where C 2 denotes a conic-node diminishing the class by 2 ; B 3 , B 4 , B 55 B 6 a biplanar 
node diminishing (as the case may be) the class by 3, 4, 5, or 6 ; and U 6 , TJ 7 , U 8 a uni- 
planar node diminishing (as the case may be) the class by 6, 7, or 8. The affixed expla- 
nation, which I shall usually retain in connexion with the Koman number, shows there- 
fore in each case what the class is, and also the singularities which cause the reduction : 
thus XIII = 1 2— B 3 — 2C 2 indicates that there is a biplanar node, B 3 , diminishing the 
class by 3, and two conic-nodes, C 2 , each diminishing the class by 2 ; and thus that the 
class is 12 — 3 — 2.2, =5. As regards the cases XXII and XXIII, these are surfaces 
haying a nodal right line, and are consequently scrolls, each of the class 3, viz. XXII is 
the scroll S(l, 1) having a simple directrix right line distinct from the nodal line, and 
XXIII is the scroll S(l, 1) having a simple directrix right line coincident with the nodal 
line : see as to this my " Second Memoir on Skew Surfaces, otherwise Scrolls," Phil. 
Trans, vol. cliv. (1864) pp. 559-577. 

3. The nature of the points C 2 , B 3 , B 4 , B 5 , B 6 , U 6 , U 7 , U 8 requires to be explained. 
C(=C 2 ) is a conic-node, where, instead of the tangent plane, we have a proper quadric 

cone. 

B(=B 3 , B 4 , B 5 or B 6 ) is a biplanar-node, where the quadric cone becomes a plane-pair 
(two distinct planes) : the two planes are called the biplanes, and their line of intersec- 
tion is the edge : 

In B 3 , the edge is not a line on the surface — in the other cases it is ; this implies that 
the surface is touched along the edge by a plane, viz. in B 4 , B 5 the edge is torsal, in B s 
it is oscular : 
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In B 4 , the tangent plane is distinct from each of the biplanes : 

In B 5 , the tangent plane coincides with one of the biplanes ; we have thus an ordinary 
biplane, and a torsal biplane : 

In B 6 , the tangent plane coinciding with one of the biplanes becomes oscular ; we 
have thus an ordinary biplane, and an oscular biplane. 

U(=TJ 6 , U 7 or U 8 ) is a uniplanar-node, where the quadric cone becomes a coincident 
plane-pair ; say, the plane is the uniplane. It is to be observed that there is not in this 
case any edge. The uniplane meets the cubic surface in three lines, or say " rays," 
passing through the uniplanar-node, viz. 

In U 6 , the rays are three distinct lines : 

In U 7 , two of them coincide : 

In U 8 , they all three coincide. 

4. To connect these singular points with the theory of the preceding Memoir, it is to 
be observed that they are respectively equivalent to a certain number of the cnicnodes 
C(=C 2 ) and binodes B(=B 3 ), viz. we have 

r\ 

2 — U, 

3= ■**> 

5 — O -f- JD, 

[jig =oO, 

\U 6 =3C, 
U 7 =2C+ B, 

5. I take the opportunity of remarking that although the expressions cnicnode and 
binode properly refer to the simple singularities C and B, yet as C 2 =C, C a is properly 
spoken of as a cnicnode, and we may (using the term binode as an abbreviation for 
biplanar-node) speak of any of the singularities B 3 , B 4 , B 5 , B 6 as a binode. Thus the 
surface X—12 — B 4 --C 2 has a binode B 4 and a cnicnode C 2 ; although theoretically the 
binode B 4 is equivalent to two cnicnodes, and the surface belongs to those with three 
cnicnodes, or for which C=3. I use also the expression unode for shortness, instead 
of uniplanar-node, to denote any of the singularities U 6 , U 7 , U 8 . 

6. The foregoing equations (substantially the same as Schlafli's) are Canonical forms ; 
the reduction of the equation of any case of surface to the above form is not always 
obvious. It would appear that each equation is from its simplicity in the form best 
adapted to the separate discussion of the surface to which it belongs ; there is the disad- 
vantage that the equations do not always (when from the geometrical connexion of the sur- 
faces they ought to do so) lead the one to the other; for instance, V= 12 -~B 4 incluides 
VII=12 — B 5 , but we cannot from the equation "WXZ+(X+Z)(Y 2 — aX 2 — 6Z 2 )=0 of 
the former pass to the equation WXZ+Y 2 Z+YX 2 -— X 3 =0 of the latter. This would 
be a serious imperfection if the object were to form a theory of the quaternary function 

mdccclxix. 2 K 
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(X, Y, Z, W) 3 ; but the equations are in the present Memoir used, only as means to an 
end, the establishment of the geometrical: theory of the surfaces to which they respec- 
tively belong, and the imperfection is not material. 

7. I have used the capital letters (X, Y,, Z, ; W) in place of Scblafli's (#, y % z>w) 9 
reserving these in place of his ( j9, q y r r s); for plane-coordinates of the cubic surfaces, or 
(what is the same thing) pointrcoordinates of the reciprocal surfaces; but I have in 
several cases interchanged the coordinates (X, Y, Z, W) so that they do not in. this order 
correspond to Schlafli's (ar 9 y, &, w) : this has been done so as to obtain a greater uni- 
formity in the representation of the surfaces. To explain this, let A, B, C, D be the 
vertices of the tetrahedron formed by the coordinate^ planes A=YZW,. B=ZWX, 
C=WXY, D=XYZ; the coordinate planes have been chosen so that determinate 
vertices of the tetrahedron shall correspond to determinate singularities of the surface. 

8. Consider first the surfaces which have no nodes B or XL, It is clear that the nodes 
C 2 might have been, taken at any vertices whatever of the; tetrahedron ; they are taken 
thus : there is always a node C 2 at D ; when there is a, second node C 2 , this is at C, the 
third one is at A, and the fourth at B. 

9. Consider next the surfaces which have a binode B 3 , B 4 , B 5 , or B 6 ; this is taken to 
be at D, and the biplanes to be X=0, Z=0* (the edge being therefore DB), viz. in 
B 5 or B 6 , where the distinction arises, X=0 is the ordinary biplane, Z=0 the torsal or 
(as the case may be) oscular biplane. If there is a second node, this of necessity lies in 
an ordinary biplane ; it may be and is taken to be in the biplane X=0, at C. I suppose 
for a moment that this is a node C 2 . It is only when the binode is B 3 or B 4 that there 
can be a third node, for it is only in these cases that there is a second ordinary biplane 
Z=Q ; but in these cases respectively the third node, a C 2 , maybe and is taken to be in 
the biplane Z = 0, at A. 

10., The only case of two binodes is when each is a B 3 . Here the first is as above at 
D, its biplanes being X=0, Z=0 ; and the second is as above in the biplane X=0, 
at C; the, biplanes thereof are then X=Q (which is thus a biplane common to the 
two binodes, or say a common biplane), and a remaining biplane which may be and is 
taken to be W=0. If there is a third node, this may be either C 2 or B 3 , but it will in 
either case lie in the biplane Z=0 of the first binode, : and also in the biplane W=0 of 
the second binode, that is, in the line BA ; and it may be and is taken to be at A ; if a 
binode, then its biplanes are of necessity Z=0, W=0; and the plane Y=0 will be the 
plane through the three binodes D, C, A. 

11. If there is a unode, then this may be and is taken to be at D, and its uniplane 
may be taken to be X=0; in the surface XII =12 — U 6 the uniplane is, however, 
taken to be X+Y+Z=0. There is never, besides the unode, any other node. 

12. The result is that the nodes, in the order of their speciality, are in the equations 
taken to be at D, C, A, B respectively ; and that (except in the ease 111=12— B 3 ) the 
biplanes of the first binode are X=0, Z.=-Q- (for a binode B 5 or B 65 .X=-0 being the 
ordinary biplane; Z— 0; the; special biplane), those of the second binode X=0, W=0 ? 

* In the case, Eowever ; of a single B 3 , 111=12— B 3 , the- Mplanes are taken to be X+Y+Z=0 y 
ZX+mY+wZ=0, 
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those of the third binode Z= f 0, W=0, and that ■'(■except in the case XII=12—U 6 ) the 
uniplane is X=0. For example, in the surface XVII=12--2B3—C 25 as represented 
by its equation WXZ+Y 2 Z+X 3 =0, we have a B 3 at D, the biplanes being X=0 9 Z=0, 
a B 3 at C, the biplanes being X=0, W=0 (therefore X=0 the common biplane), and 
a C 2 at A, 

13. It will be convenient (anticipating the results of the investigations contained in 
the present Memoir) to give at once the following Table of Singularities ; the several 
symbols have of course the significations explained in the former Memoir. 
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Explanation in regard to the determination of the number of certain singularities. 

Article Nos. 14 to 19. 

14. In the several cases I to XXI, we have a cubic surface (^=3), with singular 
points C and B but without singular lines. The section by an arbitrary plane is thus 
a curve, order %=3, that is, a cubic curve, without nodes or cusps, and therefore of the 
class &' = 6, having l f = double tangents and %!=9 inflexions. The tangent cone 
with an arbitrary point as vertex is a cone of the order #=6, having in the case 
1=12, <5=0 nodal lines and #=6 cuspidal lines, but with (in the several other cases) C 
nodal lines and B cuspidal lines (or rather singular lines tantamount to C double lines 
and B cuspidal lines) : the class of the cone, or order of the reciprocal surface, is thus 
w , = 6.S-2(0 + C)-3(6+B)=12-2B-3C. 

15. In the general case 1=12, there are on the cubic surface 27 lines, lying by 3's in 
45 planes; these 27 lines constitute the node-couple curve of the order g>' = 27, and the 
node-couple torse consists of the pencils of planes through these lines respectively, being 
thus of the class g'=#=27; the 45 planes are triple tangent planes of the node-couple 
torse, which has thus £'=45 triple tangent planes. But in the other cases it is only certain 
of the 27 lines, say the "facultative lines " (as will be explained), which constitute the 
node-couple curve of the order g' : the pencils of planes through these lines constitute the 
node-couple torse of the class V=g ! ; the t { planes, each containing three facultative lines, 
are the triple tangent planes of the node-couple torse. Or if (as is somewhat more con- 
venient) we refer the numbers b\ t 1 to the reciprocal surface, then the lines, reciprocals 
of the facultative lines, constitute the nodal curve of the order V ; and the points t\ each 
containing three of these lines, are the triple points of the nodal curve. Inasmuch as 
the nodal curve consists of right lines, the number Jc 1 of its apparent double points 
is given by the formula 2tt—b ,2 —b ! — 6t I ; and comparing with the formula 
q r =b {2 — V— 2k ! — 3y — Gtf, we have </+3y'=0, ^hat j s? ^—0 (q ! the class of the nodal 
curve), and also q/=0. 

16. In the general case 1=12, the spinode curve is the complete intersection of the 
cubic surface by the Hessian surface of the order 4, and it is thus of the order ^=12 ; 
but in the other cases the complete intersection consists of the spinode curve together 
with certain right lines not belonging to the curve, and the spinode curve is of an order 
a f less than 12: this will be further explained, and the reduction accounted for (see 
post, Nos. 24 et seq.). 

17. Again, in the general case 1=12, each of the 27 lines is a double tangent of the 
spinode curve, and the tangent planes of the surface at the points of contact are common 
tangent planes of the spinode torse and the node-couple torse, stationary planes of the 
spinode torse ; or we have j3'=2g>'=54. In the other cases, however, instead of the 27 
lines we must take only the facultative lines, each of which is or is not a double or a 
single tangent of the spinode curve ; and the tangent planes of the surface at the points 
of contact are the common tangent planes as above — that is, the number of contacts 
gives j3', not in general=2^. 
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18. There are not, except as above, any common tangent planes of the two torses, 
that is, not only q/=0 as already mentioned, but also ^—0. I do not at present account 
a priori for the values $'=16, 8, and 16, which present themselves in the Table. The 
cubic surface cannot have a plane of conic contact, and we have thus in every case 
C f =0 ; but the value of B ? is not in every case =0. 

19. In what precedes we see how a discussion of the equation of the cubic surface 
should in the several cases respectively lead to the values V, t\ g', a\ /3', /, ^', B', and 
how in the reciprocal surface the nodal curve of the order V is known by means of the 
facultative lines of Jhe original cubic surface. The cuspidal curve c f might also be 
obtained as the reciprocal of the spinode-torse ; but this would in general be a laborious 
process, and it is the less necessary, inasmuch as the equation of the reciprocal surface 
is in each case obtained in a form putting in evidence the cuspidal curve. 

The Lines and Planes of a Cubic Surface ; Facultative Lines ; Explanation of Diagrams. 

Article Nos. 20 to 23. 

20. In the general surface 1=12, we have 27 lines and 45 triple-tangent planes, or 
say simply, planes: through each line pass 5 planes, in each plane lie 3 lines. For the 
surfaces II to XXI (the present considerations do not of course apply to the Scrolls) 
several of the lines come to coincide with each other, and several of the planes also 
come to coincide with each other ; but the number of the lines is always reckoned as 27, 
and that of the planes as 45. If we attend to the distinct lines and the distinct planes, 
each line has a multiplicity, and the sum of these is=27 ; and so each plane has a mul- 
tiplicity, and the sum of these is =45. Again, attending to a particular line in a par- 
ticular plane, the line has a frequency 1, 2, or 3, that is, it represents 1, 2, or 3 of the 3 
lines in the plane (this is in fact the distinction of a scrolar, torsal, or oscular line) ; and 
similarly, the plane has a frequency 1, 2, 3, 4, or 5, according to the number which it 
represents of the 5 planes through the line. It requires only a little consideration to 
perceive that the multiplicity of the plane into its frequency in regard to the line is equal 
to the multiplicity of the line into its frequency in regard to the plane. Observe, further, 
that if M be the multiplicity of the plane, then, considering it in regard to the lines con- 
tained therein, we get the products (M, M, M), (2M, M), or 3M, according as the three 
lines are or are not distinct, but that the sum of the products is always=3M, and that in 
regard to all the planes the total sum is 3x 45, =135. And so if M' be the multipli- 
city of the line, then, considering it in regard to the planes which pass through it, we get 
the products (M' 5 M', M', M 7 , M ; ) 5 (2M 7 , M', M', M') . . . (5M 7 ), as the case may be, but 
that the sum of the products is =5M', and that in regard to all the lines the sum is 
5x27, =135, as before. 

21. The mode of coincidence of the lines and planes, and the several distinct lines and 
planes which are situate in or pass through the several distinct planes and lines respec- 
tively, are shown in the annexed diagrams I to XXI * : the multiplicity of each line 

* See the commencements of the several sections. 
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appears by the upper marginal lime, and that of each plane by the left-hand marginal 
column (thus hi diagram I, 27 X 1=27 and 45 X 1=45, 1 is the multiplicity of ^each line^ 
audit is also the multiplicity of each plane); the frequencies of a line and plane in regard 
to each other appear by the dots in the square opposite to the line and plane inqnestion, 
these being read, for the frequency of the line vertically, and for the frequency of the 

plane horizontally; thus • indicates that the frequency of the line is =3, and the 

frequency of the plane is =2. There should be and are in every line of the diagram 

» * * 

3 dots, and in every column of the diagram 5 dots (a symbol • being read as just 

explained, 2 dots in the line, 3 dots in the column). 

22. For the surface 1=12, there is of course no distinction between the lines., 
but these form only a single class, and the like for the planes; but for the other sur- 
faces the lines and planes form separate classes, as shown in the diagrams by the lower 
marginal explanation of the lines, and the right-hand marginal explanation of the 
planes, I use here and elsewhere " ray" to denote a line passing through a single node ; 
" axis" to denote a line joining two nodes; "edge" (as above) to denote the edge of a 
binode; any other line is a "mere line." An axis is always torsal or oscular; when it 
is torsal, the plane touching along the axis contains a third line which is the "trans- 
versal" of such axis ; but a transversal may be a mere line, a ray, or an axis ; in the case 
XVI=12 — 4C 2 , each transversal is a transversal in regard to two axes. 

23. In the general case 1=12, each of the 27 lines is, as already mentioned, part of 
the node-couple curve ; and the node-couple curve is made up of the 27 lines, and is 
thus a curve of the order 27. In fact each plane through a line meets the cubic surface 
in this line, and in a conic ; the line and conic meet in two points, and the plane (that 
is in any plane) through the line is thus a double tangent plane touching the surface at 
the two points in question ; the locus of the points of contact, that is the line itself, is 
thus part of the node-couple curve. But in the other cases, II to XXI, certain of the 
lines do not belong to the node-couple curve (this will be examined in detail in the 
several cases respectively) ; but I wish to show here how in a general way a line passing 
through a node, say a nodal ray, is not part of the node-couple curve. To fix the ideas, 
consider the surface II=12—C 2 ; there are here through C 2 six lines, or say rays: 
attending to any one of these, a plane through the ray meets the surface in the ray itself 
and in a conic; the ray and the conic meet as before in two points, one of them being 
the point C 2 : the plane touches the surface at the other point, but it does not touch the 
surface at C 2 . (I am not sure, and I leave it an open question, whether we ought to say 
that at a node C 2 there is no tangent plane, or to say that only the tangent planes of the 
nodal cone are tangent planes of the surface; but, at any rate, an arbitrary plane through 
C 2 is not a tangent plane.) The plane through the ray is only a single tangent plane, 
not a double tangent plane ; and the ray is not part of the node-couple curve* We say 
that a line of the surface is or is not "facultative" according as it does or does not 
form part of the node-couple curve. 
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A$is - '; fe different kinds thereof. Article Nos» 24 to 2& 

24. A line joining two nodes is an axis; suck a line is always a: line, and it is a torsal 
or oscular line, of the surface., But some further distinctions are requisite;; using the 
expressions in their strict sense, cnicnode = G, ; binode =B, an axis is a CC-axis joining 
two cnicnodes, or it is a CB-axis joining a cnicnode and a binode, or it is a BB-axis 
joining two binodes. A CC-axis is torsal, the transversal being a mere line, not a ray 
through either of the cnicnodes; a CB-axis is torsal, the transversal being a ray of the 
binode ; a BB-axis is oscular. The distinction is of course carried through as regards 
the higher biplanar nodes B 4 , B 5 , B 6 , and the uniplanar nodes U 6 , U 7 ,, U 8 : thus (B 3 =B) 
the edge of a binode B 3 is not an axis at all, but (B 4 =2C) the edge of a binode B 4 is a 
CC-axis; (B 5 =B + C) the edge of a binode B 5 is a CB-axis; (B 6 =3C) the edge of a 
binode B 6 is a thrice-taken CC-axis ;, (TJ 6 =3C) each of the rays is regarded as a CC-axis ; 
(U 7 =B+2C) the double ray is regarded as a twice-taken CB-axis, and the single ray as 
a CC-axis; (U 8 =2B+C) the ray is regarded as a BB-axis + a twice-taken CB-axis. 

25. It has been mentioned that the intersection of the surface with the Hessian con- 
sists of the spinode curve, together with certain right lines ; these lines are in fact the 
axes — viz. the examination of the several cases shows that in the complete intersection 
each CC-axis presents itself twice, each CB-axis 3 times, and each BB-axis 4 times. We 
thus see that a CC-axis, or rather the torsal plane along such axis, is the pinch-plane or 
singularity jf =1 ; the CB-axis, or rather the torsal plane along such axis, the close- 
plane or singularity %' =1 ; and the BB-axis, or oscular plane along such axis, the bitrope 
or singularity B'=l ; for a cubic surface with singular lines the expression of a ! being 
in fact </=12 — 2/— 3^~- 4B', There are, however, some cases requiring explanation; 
thus for the case VIII =12— B„ where the edge is by what precedes a CB-axis, the 
complete intersection is made up of the edge 4 times and of an octic curve; the con- 
sideration of the reciprocal surface shows, however, that the edge taken once is really part 
of the spinode curve (viz. that this curve is made up of the edge taken once and of the 
octic curve, its order being thus /=9) ; and the interpretation then of course is that the 
intersection is made up of the edge taken 3 times (as for a CB-axis it should be) and of 
the spinode curve. 

26. I remark in further explanation, that in the several sections, in showing how the 
complete intersection of the cubic surface with the Hessian is made up, I have not 
referred to the axes in the above precise significations; thus XIV=12— B 5 -~C 2 , the 
binode B 5 is C+B, and the edge is thus a CB-axis, while the axis B 5 C 2 is a CB-axis 
+ a CC-axis (% f =I+l, =2, /=1). The complete intersection should therefore con- 
sist of the spinode curve, + edge (as a CB-axis) 3 times + axis (as a CB-axis + a 
CC-axis) 2 + 3, =5 times: it is in the section stated (in perfect consistency herewith, 
but without the full explanation) that the intersection is made up of the axis 5 times, 
the edge 4 times, and a cubic curve — which cubic curve together with the edge once 
constitutes the spinode curve ; and so in other cases : this explanation will, I think, 
remove all difficulty. 
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On the Determination of the Reciprocal Equation. Article Nos. 27 to 32. 

27. Consider in general the cubic surface (#]$X> Y, Z, W) 3 =0, and in connexion 
therewith the equation X^+Y^+Zz+Ww—O, which regarding therein X, Y, Z, Was 
current coordinates, and #, y 9 z, w as constants, is the equation of a plane. If from the 
two equations we eliminate one of the coordinates, for instance W, we obtain 

(*£Xw, Yw, Zw, -~(X%+Yy+Zz)y=0, 

which, (X, Y, Z) being current coordinates,^ obviously the equation of the cone, vertex 
(X=0, Y~0, Z=0), which stands on the section of the cubic surface by the plane. 
Equating to zero the discriminant of this function in regard to (X, Y, Z), we express 
that the cone has a nodal line ; that is, that the section has a node, or, what is the same 
thing, that the plane %X+yY+zZ+wW=Q is a tangent plane of the cubic surface; 
and we thus by the process in fact obtain the equation of the cubic surface in the reci- 
procal or plane coordinates (#, y, z 9 w). Consider in the same equation w, y 9 z 9 w as 
current coordinates, (X, Y, Z) as given parameters, the equation represents a system of 
three planes, viz. these are the planes wK+yY +zZ+wW=0 9 where W has the three 
values given by the equation (*X^> ^, Z, "W f ) 3 =:0, or, what is the same thing, X, Y, Z, W 
are the coordinates of any one of the three points of intersection of the cubic surface 

T It Z 

by the line x^Y^Z' ^ ^ 5 ^> ^') belongs to a point on the surface, and 

xX+yY +zZ+ wW f = 

is the polar plane of this point in regard to a quadric surface X 2 +Y 2 +Z 2 +W 2 =0; 
the equation 

{*JXw 9 Yw, Zw, -(Xw+Yy+Zz)y=0 

is thus the equation of a system of 3 planes, the polar planes of three points of the cubic 
surface (which three points lie on an arbitrary line through the point ^=0,^=0, £=0). 
In equating to zero the discriminant in regard to (X, Y, Z), we find the envelope of the 
system of three planes, or say of a plane, the polar plane of an arbitrary point on the 
cubic surface, — or we have the equation of the reciprocal surface, being, as is known, the 
same thing as the equation of the cubic surface in the reciprocal or plane coordinates 
(x 9 y 9 z 9 w). In what precedes we have the explanation of an ordinary process of finding 
the equation of the reciprocal surface, this equation being thereby given by equating to 
zero the discriminant of a function {*JX 9 Y, Z) 3 , that is, of a ternary cubic function. 

28. The process, as last explained, is a special one, viz. the position of a point on the 
surface is determined by means of certain two parameters, the ratios X : Y : Z which fix 
the position of the line joining this point with the point (#=0, ^=0, 2—0). More 
generally we may consider the position of the point as determined by means of any two 
parameters ; the equation of the polar plane then contains the two parameters, and by 
taking the envelope in regard to the two parameters considered as variable, we have the 
equation of the reciprocal surface. 

29. But let the parameters, say d 9 <p, be regarded as varying successively; if <p alone 
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vary, we have on the surface a curve 0, the equation whereof contains the parameter 6, 
and when 6 varies this curve sweeps over the surface. The envelope in regard to <p of 
the polar plane of a point of the surface is a torse, the reciprocal of the curve 0, and the 
envelope of the torse is the reciprocal surface. In particular the curve © may be the 
plane section by any plane through a fixed line, say, by the plane P— 6 Q=0 ; the section 
is a cubic curve, the reciprocal is a sextic cone having its vertex in a fixed line (the reci- 
procal of the line P=0, Q=0), and the reciprocal surface is thus obtained as the enve- 
lope of this cone ; assuming that the equation of the sextic cone has been obtained, this 
is an equation of a certain order in the parameter 6; or writing #=P : Q, we obtain the 
equation of the reciprocal surface by equating to zero the discriminant of a binary 
function of (P, Q). 

30. With a variation, this process is a convenient one for obtaining the reciprocal of a 
cubic surface: we take the fixed line to be one of the lines on the cubic surface; the 
curve is then a conic, its reciprocal is a quadricone, and the envelope of this quadri- 
cone is the required reciprocal surface. This is really what Schlafli does (but the 
process is not explained) in the several instances in which he obtains the equation of 
the reciprocal surface by means of a binary function. I remark that it would be very 
instructive, for each case of surface, to take the variable plane successively through the 
several kinds of lines on the particular surface ; the equation of the reciprocal surface 
would thus be obtained under different forms, putting in evidence the relation to the 
reciprocal surface of the fixed line made use of. But this is an investigation which I do 
not enter upon : I adopt in each case Schlafli's process, without explanation, and merely 
write down the ternary or (as the case may be) binary function by means of which the 
equation of the reciprocal surface is obtained. 

31. It is to be mentioned that there is a reciprocal process of obtaining the equation 
of the reciprocal surface ; we may imagine, touching the cubic surface along any curve, a 
series of planes ; that is, a torse circumscribed about the surface, and the equation whereof 
contains a variable parameter 6 ; the reciprocal figure is a curve, the equations whereof 
contain the parameter 6 ; the locus of this curve is the reciprocal surface ; that is, the 
equation of the reciprocal surface is obtained by eliminating 6 from the equations of the 
curve. In particular let the torse be the circumscribed cone having its vertex at any 
point of a fixed line ; the reciprocal figure is then a plane curve, the plane of which 
passes through the line which is the reciprocal of the fixed line; it is moreover clear 
that if the position of the vertex on the fixed line be determined by the parameter 6 
linearly (for instance if the vertex be given as the intersection of the fixed line by a 
plane P— - 0Q=O), then the equation of the plane of the curve will be of the form 
T ! =0Q\ containing the parameter 6 linearly ; the other equation of the plane curve will 
contain $ rationally, and the elimination will be at once effected by substituting in this 
other equation for 6 its value, =P-f-Q'. And observe moreover that if the fixed line 
be a line on the cubic surface, then the cone is a quadricone having for its reciprocal a 
conic ; the reciprocal surface is thus given as the locus of a variable conic, the plane of 

mdccclxix. 2 L 
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which always passes through a fixed line ; there are thus on the reciprocal surface series 
of such conies. It would be very instructive and interesting to carry out the investigation 
in detail. 

32. The equation of the reciprocal surface is found by equating to zero the discrimi- 
nant of a ternary or a binary function*, viz. this is a ternary cubic, or a binary quartic, 
cubic, or quadric. The equation as given in the form disct. =0, contains a factor 
which for the adopted forms of equations is always a power or product of powers of 
w, z, #f known a/priori> and which is thrown out without difficulty, the equation being 
thereby reduced to the proper order. There is the singular advantage that the process 
puts in evidence the cuspidal curve of the resulting reciprocal surface, viz. for a ternary 
cubic, the form obtained is S 3 — T 2 =0, and for a binary quartic it is the equivalent form 
I 3 — 27P=0 ; but for the factor thrown out as just mentioned, we should have simply 
(S=0, T=0), or, as the case may be, (1=0, J=0) for equations of the cuspidal curve; 
the existence of the factor occasions however a modification, viz. the intersection of the 
two surfaces is not an indecomposable curve, and the cuspidal curve is in most cases, not 
the complete intersection, but a partial intersection of the two surfaces. In several cases 

it thus happens that the cuspidal curve is obtained as a curve ' ' ; =0, without 

or with further speciality. Similarly when the equation of the reciprocal surface is 
obtained by means of a binary cubic; if the coefficients hereof (functions of course of 
the coordinates #, y, #, w) be A, B, C, D, then the surface is 

(AD - BC) 2 - 4( AC - B 2 )(BD~ C 2 ) = , 



having the cuspidal curve 
of a thrown out factor. 



A, B, C 

B, C 9 D 



=0, subject however to modification in the case 



Explanation as to the Sections of the Memoir. Article Nos. 33 & 34. 

33. As regards the following Sections I to XXIII, it is to be observed that for the 
general surface 1=12, I do not attempt to form the equation of the reciprocal surface, 
and in some of the other cases, 11=12— C 3 &c, the equation of the reciprocal surface is 
either not obtained in a completely developed form, or it is too complicated to allow of its 
being dealt with, for instance so as to put in evidence the nodal curve of the surface. t 
Portions of the theory given in the latter sections are consequently omitted in the earlier 
ones, and in particular in the Section I there is given only the diagram of the 27 lines and 
the 45 planes (with however developments as to notation and otherwise which have no 
place in the subsequent sections), and with the analytical expressions for the 7 several lines 

* In some easy cases, for instance XVI =12— 4C 2 , the equation of the reciprocal surface is obtained other- 
wise by a direct elimination.. 

f The factor is in general a power or product of powers of the linear functions which, equated to zero, give 
the equations of the planes reciprocal to the several nodes of the surface. 
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and planes, although from the want of the equation of the reciprocal surface these ana- 
lytical expressions have no present application. And so in some of the next following 
sections, no application is made of the analytical expressions of the lines and planes. 
34. I call to mind that if a line be given as the intersection of the two planes 

AX+BY+CZ+DW=0, A'X+B'Y+C'Z+D'W=0, 

then the six coordinates of the line are 

a, b, c, f\ g, h 

=AD'-A'D, BD'-B'D, CD'-C'D, BC'-B'C, CA'-CA, AB'-AB, 

and that in terms of its six coordinates the line is given as the common intersection of 
the four planes 



( 



h. 



h, 

■a, 






a XX, Y, Z, W)=0 S 
I 



■h 



c 



and that (reciprocating as usual in regard to X 2 +Y 2 +Z 2 +W 2 =0) the coordinates of 
the reciprocal line are (f, g, h, a, b, c) ; that is, this is the common intersection of the 
four planes 



( 



c > — *> / X^y>2> w)=o. 



a. 



b, 






9 
h 



■h, 



It is in some cases more convenient to consider a line as determined as the intersection 
of two planes rather than by means o£ its six coordinates ; thus, for instance, to speak of 
the line X=0, Y=0 rather than of the line (0, 0, 0, 1, 0, 0) ; and in some of the sec- 
tions I have preferred not to give the expressions of the six coordinates of the several 
lines. 

§ 1=12, Equation (X, Y, Z, W) 3 =:0. Article Nos. 35 to 46. 

35. There is in the system of the 27 lines and the 45 planes a complicated and many- 
sided symmetry which precludes the existence of any unique notation : the notation can 
only be obtained by starting from some arrangement which is not unique, but one of a 
system of several like arrangements. The notation employed in my original paper 
" On the Simple Tangent Planes of Surfaces of the Third Order," Camb. and Dub. Math, 
Journ. vol. iv. 1849, pp. 118-132, and which is shown in the right hand and lower margins 
of the diagram, starts from such an arrangement ; but it is so complicated that it can 
hardly be considered as at all putting in evidence the relations of the lines und planes ; 
that of Dr. Hart (Salmon " On the Triple Tangent Planes of a Surface of the Third Order,'* 
same volume, pp. 252-260), depending on an arrangement of the 27 lines according to 
a cube of 3 each way, is a singularly elegant one, and will be presently reproduced, 

2 l2 
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36. But the most convenient one is Schlafli's, starting from a double-sixer; viz. we 
can (and that in 36 different ways) select out of the 27 lines two systems each of six lines, 
such that no two lines of the same system intersect, but that each line of the one system 
intersects all but the corresponding line of the other system ; or, say, if the lines are 

1, 2, 3, 4, 5, 6 

1', 2', 3', 4', 5', 6', 

then these have the thirty intersections 

1', 2', 3', 4', 5', 6' 
1 



4 



6 



Any two lines such as 1, 2' lie in a plane which may be called 12' ; similarly the lines 
1', 2 lie in a plane which may be called 1'2 ; these two planes meet in a line 12 ; and 
any three lines such as 12, 34, 56 meet in pairs, lying in a plane 12 . 34 . 56. We have 
thus the entire system of the 27 lines and 45 planes, as in effect completely explained 
by what has been stated, but which is exhibited in full in the diagram. 
37. The diagram of the lines and planes is 
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Lines. 






1=12 




.a » a .a _a .a j>* jx ^ c* ^ ^ ^ J* 



Ol M 



(X 01 



Cb Cb <"b <"b * O* a OC^C^O'a <"s 



JL , 5 


i^O, 


24, 


25, 


26 


ZJ , Z j 


13, 


J- JU« 


15, 


16 


1, 2, 


3, 


56, 


46, 


45 


Zu ? JLo, 


JLZ , 


4, 


5, 


6 
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38. It has been mentioned that the number of double-sixers was =36, these are as 

bllows : — 

1 , 2 , 3 , 4 , 5 , 6 Assumed primitive . . 1 

1', 2', S\ 4', 5', & 

Like arrangements . . 15 

Like arrangements . . 20 

36 

where, if we take any column {, of two lines, we have the complete number 216 of pairs 
of non-intersecting lines (each line meets 10 lines, there are therefore 27— -1 — 10, =16, 
which it does not meet, and the number of non-intersecting pairs is thus ^27 . 16=216). 

39. We can out of the 45 planes select, and that in 120 ways, a trihedral-pair, that 
is, two triads of planes, such that the planes of the one triad, intersecting those of the 
other triad, give 9 of the 27 lines. Analytically if X=0, Y=0, Z=0 and U=0, V=0, 
W=0 are the equations of the six planes, then the equation of the cubic surface is 
XYZ+MJVW=0. See as to ibis jpost, No. 44. 

The trihedral plane pairs are — 

1% 2'3, 31 No. is =20 

12', 34', 14.23.56 

2'3, 4'1, 12.34.56 =90 

14.25.36, 35.16.24, 26.34.15 
14.35.26, 25.16.34, 36.24.15 =10 

120 

The construction of the last set is most easily effected by the diagram 



1 


2 3 


X 


4 5 6 


3 


1 2 




5 6 


4 


2 


3 1 
14 


II 


6 4 


5 




36 






35 


16 


24 






26 


34 


15 





It is immaterial how the two component triads 123 and 456 are arranged, we obtain 
always the same trihedral pair. 
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40. Dr. Hart arranges the 27 lines, eubically, thus : 



A, B, a 

A 2 Jt>2 ^2 

JTJLq _I_/q V^Q 



a x h Y e\ ] «j /3 L y^ 

^ 2 & y 2 

<*3 & 73 



^2 ^2 ^2 
# 3 6 3 £ 3 



where letters of the same alphabet denote lines in the same plane, if only the letters are 
the same or the suffixes the same; thus A 1? A 2 , A 3 lie in a plane A^Ag ; A 15 B 15 C 1 
lie in a plane Afi x G\* Letters of different alphabets denote lines which meet accord- 
ing to the Table 



d'Y 2 C 3 


*. 


(? 2 $3 


c, 


^ 2 ^3 


A, 




B 1 




c, 


«i ft 7s 


ft 


y 2 ^3 


7i 


«2 ft 


C 2 &% V\ 


«2 


#3 <?! 


6 2 


^3 ^1 


jLJk.cy 




B 2 




o 2 


ft 7i <* 2 


y 3 


«i ft 


& 3 


ft 72 


o 3 c x a 2 


c 3 


«1 ^2 


^3 


*i «. 


jCjLq 




B 3 




c 3 


y 2 « 3 ft 


«s 


ft 7i 


& 


7s «i 



where the letter in the centre of the square denotes a line lying in the same plane with 
the lines denoted by the letters of each vertical pair in the same square. Thus A Y lies 
in the planes A^c^, A x b 2 (5^ A 3 c 3 y 3 (and in the before-mentioned ^two planes A^Ag, 
AiBiCJ. 

41. I find that one way in which this may be identified with the double-sixer nota- 
tion is to represent the above arrangement by 



14, 25, 36 
4', 5, 45 



3', 4 5 34 

Z , 5 A\) 

23, 46, 15 



13, 24, 56 
1', 16, 6 
o , 00, 5 



/ 



and then the identification may apparently be effected in (720x36~) 25920 ways, viz, 
we may first in any way permute the \,^ |,, §,, f,, f >, f ,, by this means not altering the 
double-sixer {, |, f , |, g, |, 5 and then upon the arrangements so obtained make any of the 
substitutions which permute inter se the 36 double-sixers. 

42. The equations of the 45 planes are obtained in my paper last referred to, viz. 
taking the equation of the surface to be 

W(l, 1, 1, 1, mn+~, nl+±> lm+~^ l+\> m+±> n+^JX, Y, Z, W) 2 +£XZY=,Q, 
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where 



*=^)'« =ftnn +='<* 



Imn 



Imn 



JL 



then the equations of the planes are :• 
W=0, 



tH — f- — hW 

x=o, 

Y=0, 

z=o, 



1 ~r0-7)( w -i 




m 



»_±)W=0, 



z +jH) («-s) w =°. 

1 m l n l ' 

y+mY+wZ+W=0, 



ZX + — |-wZ+W=0, 

//A 

ZX+mY+-+W=0, 

it 



Xt\ U "—~ G&) **|~ ^j II bib ^Tj-y. 
i . Yv 

z n(p — a) + 2lm ^ T _ 
^ ' jp + jS 

-j(jp — «)+■ — ■ 

jL -j- ■ — ""* — " — — W = 
P + P 

p-i-jS 



=0, 



o, 



0. 



o, 



1 



=0, 



[12' =w] 



lX+mY+nZ+w[l+\(l-]\(m-^)(n-~\^==0, [23'=tf] 



[31'=?] 

[12.34.56=0;] 
[42' =y] 

[14' =z] 

[2i'=g 

[32'=,] 
[13'=?] 
[41'=f] 
[34'=g] 
[13. 24. 56 =h] 



[24'=f 



[14.25.36=g] 



[43'=h] 

[12. 35. 46 =x] 

[52'=y] 

[15'=z] 



[12.36.45=x] 



[62'=y] 
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1 2 

f iyi ii ii Qt j ,, | _____ 

Z+- — w=o, 

- - T ^- T X+-Y+«Z+W=:0, 

)x+mY-j7^yZ+W=0, 
— r ^- 1 X+»iY+-Z+W=0, 

n(p — a) l * n l 1 

jX-jt^Y+hZ + W-t-O, 

ZX+-Y-- t^— ,Z+W=0, 

1 m m(p—u) ' ' 

— ^^ X+^+mZ+W=0, 
ZX- Z -^=^Y+^Z+W-=0, 
Ix+mY-- ( ^ Z+W=0, 



/ 



2/ 



L16'-= Z ] 

[56'-=l] 
[45'=m] 
[64' =n] 



[15 . 26 . 34=1' 



[16 . 24 . 35=m] 



[14.25. 36=if 



[65' =1,] 

[46'-=mJ 

[54'=^] 



^|^X+mY+^Z+W=0, 
i x _K^Z__ y+wZ+w=0) 



/ 



2/ 



ZX+^Y-^- ) Z+W=0, 

» 

wX— 4f- + ^Z+(^(p-a)-2m(l-m s -Z 2 )) r7 ^=0, 



2Z 



mX + ^Y^^ z ^+(^(p-~.a)-2^(l~.Z 2 ~m 2 )) 



W 



p + /3 



= 0. 






H Y + ~ Z+ ( ^ (_p_ a )-~( 1-^ 



\ ran 
1 



2 



1 1 



m l n 2 






=o, 



^x+^+)z+fi(^-^)-|(i~^-f 2 ) 



ft • p — a" 1 ^ I "^ v \nl 



1 1\\ w _ 



*V I "\7" *"'" % I f \ *"' / 1 \\ A 



MDCCCLXIX. 



2 M 



[16. 25. 34=^] 

[15.24.36=10,] 

[14.26.35s-.nJ 

[51'=p] 

[35'=q] 
[13.25.46= r ] 

[26'=a 

[16.23.45=i] 

36'=r] 
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p— a v . Y Z 7 (I, -. 

X p — a~ 7 Z 7 /l , 



m 2 n 2 



(p-a)— 



i-4)o-«)- 



+T-V^ z - fem (^( 1 ~ 



l 

J 8 " 



m 



2 



(»-«) 



mnj p + p J 

2\ W 

nl)p + P 

2\ W 



— 



Im) p + fi 



=a 



[25'= Pl ] 
[15.23.46sq,] 

;53 f = ri ] 



^ — ce 



g-X+^Y+^Z— 7— (^(1— m 2 — ^ 2 )(j9— a) 



w 

2m^) ( — *=0. 



nX- 



jo-a 



Y+iZ-^(w(l-n»-P)(jp^ a ). 



2 /»m 



W 



2»i)^=0. 



(n(l— Z 2 — m 2 )(|>— a)— 2foi)— a=0, 



[61'= Pl ] 
[36'=q,] 
[13.26.45=?,] 



43. The coordinates of the 27 lines are then found to he as folloAvs :- 






(a) 



1 





kl\ m ~m nn 



1 

n 






I 

k \ m 



n> 



n 



a\ n -i)0-l 



if'- 



1 



m- — 

m 







1 



(*) 




1 




m( \\( 1 



km\ n)\ I 



m 



k\ l ~~ I 



1 

m 



mk 



m- 



l 



71 « 



r 



1 m / 



1 



1 



mk X I 



I 



m— ■ 



m 







1 







(0) 





1 



72 

k\ m 



n- 



n 



n 



I" 1 - 



*1 17 

km \ I 



I 



1 

m 



1 

, , m-— - 

n/c\ wz 



1 



1 



n/c \ n 



1 k\ l I 



n — 

n 



«-7 



m 











1 
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(./•) 


(g) 


(A) 













(12=« 1 ) 











( 2' =50 











(1=0.) 





— n 


wi 


( 2=a 3 ) 


n 





-J 


(23 =J.) 


— m 


I 





( 3'=c.) 





l 

n 


1 

m 


( r=0 


l 

n 





1 


( 3=6 3 ) 


1 

m 


1 

/ 





I X O - — ■ C 3 J 





1 

n 


m 


(34 =a 4 ) 


n 





1 


(24 =g 4 ) 


l 

m 


i 





(14=c<) 



2 m 2 
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{a) 











2m\ J— t 



m( p— ci) 1 14— t— — s 

\ ' n(p — a)J 



2n(l— j 



2(l + 



2wZ 



m{p — a) 



.^- a )(i+^ a) 



I * nl{p — -a) 

n \ lm(p — a) 



9 - (i- 1 - 

m \ I 



P 



a 



m 



1 2m 

' nl(p-a) 



-2 14- 



2^ 



• /w(jp- 



«)) 



(*) 



>4 MMMMOTMIMVM 











9/14. 2mn 



2n 



( m ~^) 



H^-«)(l+^~^) 






2mn 

l{p~x) 



mm—- 

m 



21 



w(jp 



2/m V 



p — a 



14 



2/ 



??m 



(/>-*) 



7 1 M>—' 



2 1 + 



2rc 



lm(p — a) 



-2(l + 



2/ 



mn(p-a) 



2/ 1 

-I m— 



m 



p—a 



n 



(l + 



2?z 



lm(p — a) 



{0) 







1 



ZQ>-«)(l+7(fSo 



2 1 



2ra/J 



»l(j9 — a) 



2JU-- 



2(1 + 



;m?£ 



/(jp-a) 



m(^-a)(l+^^ 



"2m(n — ) 



0/14- 2/ 

\ *mn(p—a) 

m \ ' 'ril(p-a) 

2/ 1 

- n — - 



p — a 



1 + 



2/ 



^22(1} — a) 



2m 



2(1+7/ N 

\ l nl(p — a) 



2 



] 



n n -n 
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(/) 


(</) 


(A) 





1 

n 

—m 


— w 


I 


1 

m 

-i 




(56 =a 5 ) 
( 4 =h) 




m{p — a) 
-(P+P) 




2(|> + /3) 
n(jp-«) 


2(p + /3) 




(35 =<%) 
(25 =b t ) 
(15 =<?,) 




2(P + I3) 
n(p-a) 


2(i» + j3) 



.P+/3 


P+P 

?n(p — a) 




(46 =a 7 ) 
( 5 =5 7 ) 
( 5/ =<7) 




2n(p — P) 
p — ct 


2/(j>-/3) 



2m(p — /3) 




(36 =a 8 ) 
(26 =i 8 ) 
(16 =c 8 ) 




2m(jo— /3) 

jp-0 


P-P 


2n(p—fi) 
p — a 


2Z(p-)/3 




(45 =a & ) 
( 6 =b s ) 
( 6'=c 9 ) 
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44. We have X—0 5 Y=0, Z=G 5 W=0 for the equations of the planes 

(12.34.56=0), (42' =y), (14'=3), (12'=w); 
and representing by f=ZX+-Y+-Z+W==0 the equation of any other plane (41 f =f). 

Ill IV 

the equation of the cubic surface may be presented in the several forms : 

0=U=Wff +k£YZ 

=Wgg +k^ZX 
=Whh- +k£XY 
=W66 +k££ 
zzzWlli +kyzx 
=Wmm 1 -fkzxy 



=Wnn 1 +kxyz 

=W1 I 1 +kyzx 

=W mj m +kzxy 

^WnjU +kxyz 

r^Wpp! +k§yz 

r^Wqqx * +k??zx 

zizWrrx +k£xy 

=WiF, +k|yz 

=Wqq! +k^zx 
=Wrr 1 +k£xy, 

which are the 16 forms containing W, out of the complete system of 120 trihedral-pair 

forms. 

45, The 27 lines are each of them facultative ; we have therefore #'=g>':=27 ; t 1 =45 ; 
moreover each of the lines is a double tangent of the spinode curve, and therefore 
0'(=2 f ')=54. 

46. The equation of the reciprocal surface is not here investigated; its form is 

S 3 -T 2 =0, 

where S=(*X#> y> z ^ W Y> T~ (#X^? ^ %> *^) 6 ; wherefore ^=12. 

The nodal curve is composed of the lines which are the reciprocals of the original 27 
lines (ft' =27, £'=45 lit supra). It may be remarked that the reciprocal of a double- 
sixer is a double-sixer. Hence the 27 lines of the reciprocal surface may be (and that 
in 36 different ways) represented by 
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JL , A , o , 4: , 0, o 

1 , ,& , o , 4 , o , o 

1^5 JLo, .... oo, 

where 12 is now the line joining the points 12' and 1'2 ; and so for the other lines. 
The lines 12, 34, 56 meet in a point 12 . 34 . 56 ; the 30 points 12', 1'2. . . 56', 5'6, and 
the fifteen points 12.34.56 make up the 45 points t 1 . 

The above equation, S 3 — T 2 =0, shows that the cuspidal curve is a complete intersec- 
tion 6x4; </ = 24. 

Section 11=12 ~-C 2 . 
Equation W(«, b, c,f, g 9 A£X, Y, Z) a + 2£XYZ = 0. Article Nos. 47 to 59. 

47. It may be remarked that the system of lines and planes is at once deduced from 
that belonging to 1=12, by supposing that in the double-sixer the corresponding lines 
1 and F, &c. severally coincide ; the line 12, instead of being given as the intersection 
of the planes 12 ; , 1% is given as the third line in the plane 12, which in fact represents 
the coincident planes 12' and 1'2. 
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48. The diagram is 





Lines. 








O5O5toO)'Cni|i.OiCnikWaCn(i>>Mt0 


C5 CH rfx tO fc© i— i 




11= 

& 


12-C 2 


SI to 

^ X 


X 
*s 

II 

»— « 
to 


12 




• 
• 


• • 




13 




• 
• 


• • 




14 




• 
• 


• • 




15 




* 
• 


• • 




16 




• 
• 


• • 




23 




• 
• 


• • 




24 




• 
• 


• • 




. 25 

m 

CO 

M 26 

Pw 

34 


15x2=30 


• 
« 
• 
• 
• 
• 


• • 
• • 
• • 


Biradial planes, through 
each pair of rajs. 


35 




• 
• 


t • 




36 




• 
• 


• • 




45 




• 
• 


• ♦ 




46 




• 
• 


• • 




56 
12.34.56 




• 

• 


• • 




» 


• • • 






12.35.46 




• • 






12.36.45 




• • • 






13.24.56 




• • • 






13.25.46 




• • • 






13.26.45 




• • • 






14.23.56 
14.25.36 


15x1-15 


• • • 
• • • 




Planes each containing 
three mere lines. 


14.26.35 




o a • 






15.23.46 




• • • 






15.24.36 




• • • 






15.26.34 




• • • 






16.23.45 




• • • 






16.24.35 




o • • 






16.25.34 


30 45 

■ 


• • • 








Mere lines, one 
in each biradial 
raj. 


Bays, through the 
node situate in 
a quadric cone. 





49. Putting the equation of the surface in the form 

w(l, 1, 1, l+l m+-, n+~JX, Y, Y) 3 +f^ 

\ / m ^ P 



XYZ=0, 
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where for shortness 

«= mn—l, 

]3= nl—m, 

y= lm—n, 

l=lmn—l, 

<p = Imn, 

then taking X=0 as the equation of the plane [12], Y=0 as that of the plane [34], 
Z=0 as that of the plane [56], the equations of the 30 distinct planes are found to be 

X=0, [12] 

Y=0, [34] 

Z=0, [56] 

m X+l Y+Z=0, [23] 

m-'X+l Y+Z=0, [24] 

m X+Z- 1 Y+Z=0, [13] 

m-X+?- 1 Y+Z=0, [14] 

X+rc Y+m Z=0, [45] 

X+w-'Y+m Z=0, [46] 

X+n Y+m- ] Z=0, [35] 

X+w-'Y+m-'Z^O, [36] 

n X+Y+Z Z=0, [16] 

n~ l X+Y+l Z=0, [15] 

n X+Y+Z~ I Z=0, [26] 

m-X+Y+Z-'Z=0, [25] 

W=0, [12.34.56] 

X+j3yW=0, [12 . 36 . 45] 

X-«SW=0, [12.35.46] 

Y+«yW=0, [16.25.34] 

Y-/3SW=0, [15.26.34] 

Z-f- aj 3W=0, [14.23.56] 

Z-ySW=0, [13.24.56] 

wwX+ nlY+ ZmZ+ a /3ySW=0, [16 . 23 . 45] 

pX+ nY+ mZ+ j3ySW=0, [13.26.45] 

%X+ pY+ IZ+ Y cciW=0, [16.24.35] 

mX+ IY+ i?Z+ «/3SW=0, [15.23^46] 

X+ZmY+ Z»Z- j3y$W=0, [15.24.36] 

ZmX+ Y+wmZ- yaSW=0, [13.25.46] 

nlX+mnY+ Z- «/3SW=0, [14.26.35] 

ZX+ mY+ nZ— «/3yW=0, [14 . 25 . 36] 

MDCCCLXIX. 2 N 
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50. And the coordinates of the 21 distinct lines are 



(a) 

I 



I- 1 





1 

n 

m 

1 

n 
1 

m 


(*) 


m 






% 

1 

I 
1 

n 
1 




n 




n~ l 

m 
I 
1 


(/) 


(0 


(A) 


whence equations may be taken to be 




1 
-1 


-1" 



1 


1 

-1 




(1) X=0, Y+ IZ=Q 
(3) Y=0, Z +mX=0 
(5) Z=0, X+ ^Y=0 




1 
-1 


-1 



1 


1 
-1 




(2) X=0, Y+ Z-'Z=0 
(4) Y=0, Z+w- , X=0 
(6) Z =0, X+ »- , Y=0 




I 

ya. 

1 

a/3 


m 

/3y 



m 


ft 
_ /3y 

y# 




(45) X+ »Y+.mZ=0, X+j3yW=0 
(16) Y+ ZZ+mX=0, Y+y«W=0 
(23) Z +mX+ ZY=0, Z +«j3W=0 


m 

1 

/ 

1 




1 

p 

I 


m 



1 

my8 


1 

n 




(46) X+ »-Y+mZ=0, X-a&W=0 
(26) Y+ Z-'Z+%X=G, Y-j3&W=0 
(24) Z + m - 1 X+ ZY=0, Z - y SW=0 


1 

1 
n 

m 

1 
1 

n 

1 

m 

i 





1 

1 
7 

i 

n 

1 

1 


1 

m 

i 
l 
i 

m 
1 

7 
1 




1 
./y8 


1 

motd 

G 

7^ 


n 
1 




(35) X+wY+m-'ZrzO, X- K ^W=0 
(15) Y+Z Z +w-' X=0, Y-^W=0 
(13) Z +mX+|- Y = 0, Z - y SW=0 




hja. 

1 

fa|3 


1 

mfiy 


1 

mya 


1 

nfly 

1 

nyu 




(36) X+ »- ] Y +m~ l Z =0, X+/3 y W=0 
(25) Y+ Z- 1 Z + %~ 1 X=0, Y+yaW-0 
(14) Z+m- l X+ Z-'YzziO, Z+«/3W=0 




1 






1 



















(12) X=0, W=='0 
(34) Y=0, W=0 
(56) Z =0, W=0 
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51. The six nodal rays are not, the fifteen mere lines are facultative. Hence 

b'= g '=15; £'=15. 

52. Eesuming the equation W(«, h, c,f, g, Aj£X, Y, Zf + 2k~KY2i=0, the equation 
of the Hessian surface is found to be 

KW J («, b, c, f, g, h%X, Y, Z) 2 

+ 2kW{(a, b, c,f, g, hJX, Y, Z) 2 (FX+GY + HZ)-3KXYZ} 

-£ 2 {a 2 X 4 +£ 2 Y 4 +c 2 Z 4 -25eY 2 Z 2 -2mZ 2 X 2 -2a£X 2 Y 2 : 

-4JLYZ[(af+gh)X+(bg+hf)Y+(ch+fg)Z-]}=0, 
where 

(A, B, C, F, G, m=(bc-f* 9 ca-g 2 , ab-h\ gh-af, hf-bg, fg-ch), 

K==abc-~-af 2 -~-bg 2 ~ch 2 -\-2fgh. 

The Hessian and the cubic intersect in an indecomposable curve, which is the spinode 
curve; that is, spinode curve is a complete intersection 3x4; <r'=:12. 

The equations of the spinode curve may be written in the simplified form 

WO, b, c,f, g 9 hJX, Y, Z) a +2AXYZ==0, 

-8KXYZW 

+SkXYZ(afK+bgY+chZ) 

~£ 2 {a 2 X 4 +& 2 YHc 2 Z 4 ~25^^ 

and it appears hereby that the node C 2 is a sixfold point on the curve, the tangents of 
the curve in fact coinciding with the six rays. 

Each of the 15 lines touches the spinode curve twice ; in fact, for the line 12 we 
have X=0, W=0; and substituting in the equations of the spinode curve, we have 

(bY 2 —cZ 2 ) = ; that is, we have the two points of contact X=0, W=0, Y\/5=±Z\/c. 

Hence /3 ; — 30. 

Reciprocal Surface. 

53. The equation is found by equating to zero the discriminant of the ternary cubic 

function 

(Xw+Yy + Zz)(a, b, c,f, g, AJX, Y, Z) a -2*wXYZ, 

viz. the discriminant contains the factor w 2 which is to be thrown out, thus reducing 
the order to- 01'= 10. 

The ternary cubic, multiplying by 3 to avoid fractions, is 

X 3 , Y 3 , Z 3 , 3Y 2 Z , 3Z 2 X , 3X 2 Y , 3YZ 2 , 3ZX 2 , 3XY 2 , 6XYZ, 
Saw, My, 3cz, bz + 2fy, cx+2gz, ay+2hoc, cy + 2fz, az+2gw, bx+2hy, fa+gy+hz—kw. 
Write as before (A, B, C, F, G, H) for the inverse coefficients (A=bc~~f 2 , Sec), 
and K = abc — af 2 — bg 2 — ch 2 + 2fgh ; and moreover 

$=(A, B, C, F, G, nX^ y, z)\ 

Y=Aw + Hy+Gz, 

2k2 
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H=zG$—'Fy+Cz 9 

t =fx+gt/+hz 9 

U = afyz + bgzx + dixy, 

V = 2 Kxyz — dPyz — hQzx — cRxy 
= — &H2/ 2 £ — 5Fs 2 a? — cG# 2 y 
— aGyz 2 — bUzx 2 — cFxy 2 
+ ( — a#o — af 2 — #<f — e/i 2 + ifgh)xyz, 

W=:(A 5 B, C, F, G, W$ayz, hzx, cxyf, 

L —JcW-2Mw— $, 

N = 2fcahc xyzw+W: 

54. Then the invariants of the ternary cubic are 

S==L 2 -12£wM, 

T=L 3 -18^LM-54^VN; 

and the required equation of the reciprocal surface is 



^{p-^feM) 3 - (L 3 ~~18JcwIM - 54£VN) 2 } = 0, 



viz. this is 



= L 3 N = (JcW - 2Mw - $y(2kahc xyzio + W) 

+L 2 M 2 +(k 2 w 2 -2Mw-$y(kwTJ+V) 2 

- 1 8IcwIMN — 1 8fao(k V ~ 2y^w - 0>)(J&wU + Y)(2Mhc xyzw + W) 

-16MP — 16*w(AwU+V) 3 

-27£WN 2 ^21kV(2kabc xyzw-\-\N) 2 , 

which, arranged in powers of Imv, is as follows ; viz. we have 
Coeff. (kw) 7 ~- 2ahcxyz, 

(favf= 2ahc a^(— 6*)+ W 

+U 2 , 

{Jcivy= 2abcxyz{-m+l2t)+Yf{-~$t) 
+U 2 (-4£)+2XJV 

— MabcxyzU, 
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5? 



{Jcwy= 2abc xyz(12t<£> - 8f )+ W(- 3$+12f ) 
+TT 2 (-2<I>+-4f)+2UV(-4£)+V 2 

- SQabc xyzV-18TJW+72abc xyztJJ 
-16U 3 

- 108a 2 b 3 c 2 x 2 y 2 z 2 , 

{Jcwy= 2abcxyz(%&-l2t<b)+lV{l2t<&-8tf) 
+U 2 4^0+2UV(-2<I>+4!5 2 )+V 2 (-^) 

- 18VW +• 12abc xyztY + 36rtJW - 36abc xyz^JJ 
-48U 2 V 

—108abc xyzW , 
= 2abcxyz(-6t<I> i )+W(S$ 2 -12t 2 <!>) 
+U 2 4> 2 +2UV(4^)+V 2 (-2<D+4f) 
+ mtYW-mabc xyz®Y~ 18<MJW 
-48UV 2 
-27W 2 , 
(Jcw) l = 2abcxyz(-® 3 )+W(-M<Py 
+ 2UV$ 2 +V 2 (4£0) 
— 183>VW 



„ (#w) s 



-16 V 3 , 
„ (*»)•= W(- 

+ V 2 $ 2 ; 



') 



but I have not carried the ultimate reduction further than in Schlafli, viz. I give only 
the terms in {Jew) 7 , (kwf, (fcw)% and (kw)°. 

55. I present the result as follows ; the coefficients deducible from those which pre- 
cede, by mere cyclical permutations of the letters a, #, c and/, </, A, are indicated by („)♦ 



0z=(jkw) 7 .2abcwyz 



.. -{-(km) 6 . 



fz 2 



z 2 x 2 



x 2 y 2 



x 2 yz 



xy 2 z 



xyz' 



a 2 bc+l 


j? 


jj 


abef — 1 4 

gcbh-\- 4 


?» 


» 



+(/ot>) 5 . 






y 2 z B zV z 2 x 3 xhf x 2 y 3 x 3 yz 



xi/z 



xyz^ 



xy 2 z 2 x 2 yz 2 x 2 y 2 z 



a 2 bcg—6 

a 2 cfh + 2 


a 2 bch — 6 
a 2 bfg+2 


?> 


?> 


}? 


?> 


a& 2 c 2 — 6 
0&cf 2 +42 
6% 3 + 2 
&c7a 3 + 2 
befgh —24 


» 


?? 


a 2 fo/* -32 
abrfgh + 64: 

abfg 2 —24 
tfr/7* 2 -24 
(tf 2 gh + 8 


J5 


■ 



+ (/£«,)». _K[( A, B, C, F, G, lT£x, y, zyj(cy 2 -2fyz+bz 2 )(az 2 -2gzx + bx 2 )(bx*-2hxy-\-ay 2 ). 
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56. In explanation of the discussion of the reciprocal surface, it is convenient to remark 
that we have 



Node C 2 , X=0, Y=0, Z=0. 
Tangent cone is 

(a,.b,c,f,g,hJX,Y, Z) 3 =0. 
Nodal rays are sections of cone by planes 

X=0 9 Y— 0, Z = respectively, viz. equa- 
tions of the rays are 

X^O, JY a +2/YZ + 0Z 2 =O, 
Y = 0, ^Z 2 +2^ZX+aX 2 =0 3 
Z=0; ^X 2 +2&XY~j~5Y 2 ^0. 



Reciprocal plane is w=0. 
Conic of contact is 

(A, B, C, F, G, HJ>, y, z) 2 =()? iv=Q. 
Lines are tangents of this conic from points 
(y=0, 3=0), (s=0, #=0), (#=0,^=0) 
respectively, viz., equations are 

w=0, cy*—2fyz + bz*=0, 

■ w=0, az 2 — 2ffzx~{-c& 2 ^Q v 

w=0> bx 2 —2h%y-{-ay 2 =Q. 



57. The equation shows that the section by the plane w=0. is made up of the conic 
(A, B, C, F, G, EQ£#, y, 3) 2 =0, twice, and of the six lines, tangent to this conic, viz. 

the lines 

w~0, cy 2 —2fyz~\-bz 2 = 0^ 

w=0, az 2 —2gzx-\-cw 2 ~0, 
w=0, bx 2 —2h%y~\-ay 2 ~Qj 

each once ; the lines in question (reciprocals of the nodal rays) are thus mere scrolar 
lines on the reciprocal surface. 

58. I do not attempt to put in evidence the nodal curve of the surface; by what 
precedes it is made up of 15 lines, intersecting 3 together in 15 points ; and if we denote 
the six tangents of the conic just referred to be 

1, 2, 3, 4, 5, 6, 

then the fifteen lines are respectively lines passing through the intersections of each 
pair of these tangents ; viz. through the intersection of the tangents 1 and 2, we have a 
line 12; and so in other cases; that is, the 15 lines are 12 3 13 . . . . 56. The lines 12 
and 34 meet; and the lines 12, 34, 56 meet in a point; we have thus the 15 points 
12 . 34 . 56, triple points of the nodal curve. 

59. As regards the cuspidal curve, the equation of the surface may be written 



27/Ao 2 N 2 )=Q ? 
ve 



(L 2 -12*wM)(4M a +3LN)-(LM+9AM?N) a 

^3(L 2 M 2 +L 3 N-~18feLMN-»16feM 3 ' 

and we thus hav 

4M 2 + 3LN =0, 

LM + 9AwN=Q, 

L 2 — 12#wM=0, 

or, what is the same thins:, 



L , 12M, -9N 
kw 9 L , M 
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(equivalent to two equations) for the equations of the cuspidal curve. Attending to 
the second and third equations, the cuspidal curve may be considered as the residual 
intersection of the quartic and quintic surfaces L 2 — -12kwM=0, ,LM+9#^N=0 3 which 
partially intersect in the conic w=0, L=0 ; or say it is a curve 4x5 — 2 ; c'=18, 

* 

Section 111=12— B 3 . 
Equation 2W(X+Y+Z)(ZX+mY+wZ)+2*XYZ=0. Article Nos. 60 to 72. 

60. The system of lines and planes is at once deduced from that belonging to 
11=12 — C 2 , by supposing the tangent cone to reduce itself to the pair of biplanes; 
3 of the planes (a) of 11=12 — C 2 thus coming to coincide with the one biplane, and 
three of them with the other biplane. 

61. The diagram is 
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Biradial planes each con- 


S 




a 




taining a ray 1, 2, or 3 


Ph 2a 


9x3=27 


• 
• 

• 


* « 


of the one biplane, and 
a ray 4, 5, or 6 of the 
other biplane. 


26 




• 
e 


• 




34 
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• 
» 


• & 
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Planes each containing 


15 . 24 . 36 
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three mere lines. 
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62. Taking X+Y + Z=0 for the biplane that contains the rays 1, 2, 3, and 
DL+mY+nZ=0 for that which contains the rays 4, 5, 6, we may take X=0, Y=0, 
Z=0 for the equations of the planes [14], [25], [86] respectively; and then writing 
for shortness 

and assuming, as we may do, #=A.p, so that the equation of the surface is 

W(X+Y + ZXZX+mY+wZ) + (m--wXw--Z)(Z--m)XYZ=0, 
the equations of the 17 distinct planes are 

X=0. [14] 

Y = 0, [25] 

Z =0, [36] 



X.-J- Y -f- Z = 0, 


[123] 




£X+mY+»Z=0, 


[456] 




lK-\-nY +n7i=0, 


[15] 




lX+nY+nZ=0, 


[16] 




lX+mY+lZ=0, 


[25] 




]iX.-\-mY +nZ=Q, 


[26] 




>nX + toY -f- nZ = 0, 


[35] 




ZX+ZY+»Z=0, 


[36] 




W=0, 


[14 . 25 . 


36] 


W + ZXX=0, 


[14 . 26 . 


,35] 


W+w?^Y=0, 


[16 . 25 . 


,34] 


W+^Z=0, 


[15 . 24 . 


.36] 



kX+»Y+ftlZ+W=0, [15 . 26 . 34] 
»ZX+7mY+»wZ-W=0, [16 . 24 . 35] 
63. And the coordinates of the fifteen distinct lines are 
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(a) 


(») 


(o) 


(f) 


(9) 


(h) 




whence equations may be written 




















-1 

1 


1 

-1 




( 1) X=0, Y+Z=0 
( 2) Y = 0, Z+X=0 
( 3) Z =0, X+Y=0 



















n 

— TO 


— n 

I 


TO 
-I 




( 4) X=0, wiY+wZ=0 
( 5) Y = 0, %Z+ZX=0 
( 6) Z=0, £XtoY=0 


1 







1 























(14) X=0, W=0 
(25) Y=0, W=0 
(36) Z=0, W=0 


I 
I 


n 
to 


n 

TO 


Vb'V 
— TO 2 fi 


—nlv 




lm[M 


(15) ? X+»Y+»Z=0, W+w Z=0 

(16) I X+toY+toZ=0, W+to/aY=0 


I 

n 


m 

TO 


I 

n 




mnv 


— n 2 v 


— Imp 



(26) LX+mY+l Z=0, W+Zx X=0 
(24) w-X+toY+wZ=0, W+w Z=0 


to 
I 


m 
I 


ii 
n 


— mn^ 








(34) toX+toY+^Z=0, W+to^Y=0 

(35) Z X+Z Y+%Z=0, W+l\ X=0 



64 The rays are not, the mere lines are, facultative; hence b'=g ! =9 : if =6. 
65. The equation of the Hessian surface is 

-W(X + Y+Z)(^X+mY+wZ)(^X+^Y+^Z) 

- A(FX 4 + m 2 Y 4 + ^ 2 Z 4 - 2mnY*Z 2 - 2^ZZ 2 X 2 - 2 ZmX 2 Y 2 ) 

+AXYZ{(Z 2 + 3Zm+3^+m??^ 

The Hessian and cubic surfaces intersect in an indecomposable curve, which is the 
spinode curve; that is, spinode curve is a complete intersection 3x4; <x'=12. 
The equations may be written in the simplified form 

W(X+Y+Z)(«X+mY+wZ)+AXYZ=0, 
Z 2 X 4 +m 2 Y 4 + ^ 2 Z 4 ~ 2??mY 2 Z 2 - 2^ZZ 2 X 2 - 2ZmX 2 Y 2 
— 4XYZ{l(m+n)X+m(n+l)Y+n(l+m)Z}=0. 

We may also obtain the equation 



^(X+Y+Z)(ZX+mY+^ZX/X 2 +mY 2 +^Z 2 ~m+^YZ~^+ZZX~HmXY) 

+A 2 Y 2 Z 2 +^ 2 Z 2 X 2 +^ 2 X 2 Y 2 ~2XYZ(pX+^Y+^Z)=0, 

2 o 
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which shows that there is at B 3 an eightfold point, the tangents being given by 

(X + Y + Z)(C£+mY+nZ)=0, 

(X% p% v\ - P? -v\, — a^JYZ, ZX, XY) 2 =0. 

Each of the facultative lines is a double tangent of the spinocle curve; whence j3'=18. 

'Reciprocal Surface, 
66. The equation may be deduced from that for 11=12 — C 2 , viz. writing 

(a, h c 9 f, g, A£X, Y, X) 2 =2(X+Y+Z)(/X+mY+^Z) 5 
that is 

(a, 5, c 9 f, g, h)=(2h 2m, 2n, m+n, n-\-l, l+m) 3 
we have 

(A, B, C, F, G 5 'H) = — (A 2 , p\ v 2 , p, v\, Xp); K=0. 

Writing also 

X 3 ^ ? y=z m— % n—l, l—m as before, 

lmnxyz=% 

l(m + n)yz + m(n + l)zx + n{ I + m)wy = y , 

tkyz~\-myti% %-\- wax/ ='4', 



we have 



and then 



U=2y, V=2<*|/, W 



2 
3 



L=#V— 2to- r -<r s , M=2(fey + <r4 / ) 5 T$ = k{UmnJc$yzw — ^ 2 ); 

so that the equation is 

0:=L 3 N = 4(»-2^4V) 3 (4/o^-%J/ 2 ) 
+L 2 M 2 + 4(JfcV— 2/fotf +aj(kwv +ff^f 

mm 3 -i2SM(kwv+a^y 

— 27kVW — 4:32kW(7£wd- ^ 2 ) ; 

or reducing the first two terms so as to throw out from the whole equation the factor 
Jew, the equation is 

- 18LMN- 16M 3 - 27Jfcw>N 9 = 0, 

or, what is the same thing, it is 

(Fw 2 — 2^w# + a 2 ) 2 {Fw^+/ao(-2^+u 2 ™^ 2 ) + ff¥+2<r^+2^ 2 } 

-m(kW-2kwt-\-a 2 )(hw+^)(4:7cwO-^) 

— 32(Awy+ff\|') s 

-~lG8/k>(4£w$--xf/ 2 ) 2 =0. 
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67. This is 
(Tcwf . 6 

+ (kwf. ff\36+(T^.2v+^. 6t +12f0— 4fo 2 -144<k 

-\-{Jcwf. -2<T^ 2 +cX2v 2 -10t6)+<r$(-8tv-14:4:d) + ¥(-l2t 2 +mv) 

-8f0+4£V+288fo4-32u 3 -17280 2 
+{Jcwf . ^d+^Av+a^.m+c^ 3 . 37 

+ff 2 (12^-4fo 2 -144^)+<T^(+8fy + 288^-96y 2 )-j-%f/ 2 (8f-72fo+864^ 

+ ff \p(-8£-90y)+ff^ 3 .-72+^\ -108 
+{Jcw)\\6, 2v, 2t, 4:%<r, ^) 3 =0, 
which, reducing the last term, is 
{Jcvoflmnxyz 

■ • 

— 4cr 3 Ap(y — z){z — ■ x){x —y){ny — mz)( Iz — nx)(mx — ly)=0. 

68. I verify the last term in the particular case z=0 as follows : the coefficient of a z is 



which is 



(G, 2n(l+?n)xy, 2m + nx+2n+ly, ^Kx+py, nvxyf, 
= 2n 2 vx 2 y 2 { (I -f m)(^# +^y) 2 , 



-\-2nv 2 xy} 



= 2n 2 vx 2 y 2 { £ + mX +m+ nvjkx' 



+ I2l+m7\.(jj+p(m+n[jj+n+l7i+2np)']xy 

which, substituting for X ? ^ ? * their values m—n, n—l, l—m, is 

=2n 2 »xY- —%ty(x--y)(mx—ly) ; 
or for 2=0 the coefficient of <r 3 is 

= ^4:X[jjm 2 x 2 y 2 (x-~>y)(mx~~ly), 
agreeing with the general value 



2o2 
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69. In the discussion of the equation it is convenient to write down the relations of 
the two surfaces, thus : 



Cubic surface. 

B 3 , X=0, Y=0, Z=0 

Biplanes X+ Y+ Z=0 
lX+mY+nZ=0, 
intersecting in edge. 

Rays in first biplane, 

X=0, Y+Z=0;.Y=0, Z+X 

Z=0, X+Y--=0; 
rays in second biplane, 
X=0,mY+*iZ = 0; Y=Q, nZ + lX 
Z=0, ZX+ mY=0. 



=0, 



0, 



Reciprocal surface. 

Plane iv = 0, 
Points in w=0, viz. 

x=y=z and x : y : z~l : m : n 9 
in line (m— n)x-\-(n— l)y-\-{l— m)z=0, 
that is, X%-\-fji*y-\-i>.z=0, or o-=:0. 
Lines in plane w = 0, and through first 
point, viz. 

?/— #£=(), z — x=Q,x—y=Q; 
lines through second point, viz. 

ny-—mz=0 9 nz—la=0 9 lx—my=0. 



70. The equation puts in evidence the section by the plane w=0, viz. this is the line 
<r— (reciprocal of the edge) three times, and the six lines (reciprocals of the rays) each 
once. Observe that the edge is not a line on the cubic ; but its reciprocal is a line, and 
that an oscular line on the reciprocal surface ; the six lines (reciprocals of the rays) are 
mere scrolar lines on the reciprocal surface ; they pass, three of them, through the point 
x=zy=z, and the other three through the point x:y:z=l:m:n; that is, they are six 
tangents of the point-pair (reciprocal of the pair of biplanes) formed by these two points. 

71. I do not attempt to put in evidence the nodal curve on the surface; by what 
precedes it consists of 9 lines, reciprocals of the mere lines. If we denote by 1, 2, 3 and 
4, 5, 6 the lines which pass through the points #=0, y=0, z=0 and through the point 
x : y : £=£ : m : n respectively, then these intersect in the nine points 14, 15, 16, 24, 
25, 26, 34, 35, 36 ; and through each of these there passes a nodal line which may be 
represented by the same symbol; that is, we have the nodal lines 14, .... 36. Two 
lines such as 14, 25 meet ; and three lines such as 14, 25, 36 meet in a point ; we have 
thus the six points 14 . 25 . 36 &c. triple points on the nodal curve ; as before, V=z. 9, t ! = 6. 

72. The cuspidal curve is given by the equations 

fc 2 w 2 —2kwt-\-(r 2 , 'M(kwv+(r$), — 3Q(4Jmnk xyzw 
ho , k 2 w 2 —2kwt+(T 2 , 2(Icwv+(j^) 
Writing down the two equations, 

(khv 2 —2kwt + (T 2 f—2ikw(kwv+a^)=0, 

(k 2 w 2 — 21cwt + ff 2 )(fey + <n{/) + 1 8 w{ ImnJc xyziv — ■ i?) = 0, 

these are respectively of the orders 4 and 5; but they intersect in the line w~Q, <?=0 
taken four times, or say, the cuspidal curve is a partial intersection 4"5 — 4; 6 y =16. 



^ 



= 0. 
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Section IV=12-2C 2 . 
Equation WXZ+Y 2 (yZ+SW) + (a, I, c, ^X x > Y ) ! 
73. The diagram of the lines is 



0. Article Nos. 73 to 84. 
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Plane touching along 
axis. 



Planes through axis, 
each containing a ray 
of the one node and 
a ray of the other 
node. 



Biradial planes, each 
containing two rays 
of the one node or 
two rays of the other 
node. 



Planes each containing 
three mere lines. 
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74. Writing X(a, b,c 9 <$;X, Y) 8 - y m=-y&^^ 
the 20 planes are 



x= 


= 0, 




X- 


-/iY=0, 




X- 


-/ a Y=0, 




X- 


-/,Y=0, 




X- 


-/«Y=0, 




£{X- 


-ft + fJY}- 


— Ij^/i 


&{X- 


-(£+£)¥}- 


- f jfgZ 


d{X- 


-(f. + fJY}- 


- fjf 4 Z 


§{X- 


-(f 2 +f 3 )Y}- 


-f 2 f 3 Z 


£{X- 


-(f 2 + f 4 )Y}- 


- f 2 f 4 Z 


£{X- 


~(f 3 +f 4 )Y}- 


-f 3 f 4 Z 



o, 



=0, 
=0, 
= 0. 



y{ X-(f 1 +f g )Y}-f 1 f s W=0, 

y{X-(f I + f,)Y}-f 1 f a W = 0, 

y{X-(f I + f 4 )Y}-f I ^W=0, 

y {X-(f 2 +f 3 )Y}-f 2 f 3 W=0, 
7 {X-(f 2 +f 4 )Y}-f 2 f 4 W=0, 
y{X-(f 3 +f 4 )Y}-f 3 f 4 W=0, 

\ T 1 T 2 X 3W 



=0, 



75, And the 12 lines are 



c 
pi'] 

[22'] 

[33'] 
[44'] 
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[14] 
[23] 
[24] 
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[1'2'] 
[1'3'J 
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[3'4'] 

fl2 . 34 



y^(ff+^)x+%+yZ+SW=0, [13.24] 



y§C~ + t 4r)x + %+yZ+§W=0, [14.23] 
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(J) 
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f 2 

X 2 



0) 



y 

f, 



£ 



(A) 






whence equations may be written 



(0) 
(5) 

(1) 

(2) 
(3) 
(4) 



=0, Y=0 
X=0, eZY+yZ+&W=0 

X=f 1 Y=0 ? ^Y+f 1 Z=0 



55 



5? 



55 



55 



5? 



55 
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7 
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X-f,Y=0, yY+f 1 W=0 



5? 



3? 



93 



5? 



55 



?? 



*8'4\*i ' *2 

1/1 1 

+ 1 



fAVfi 



~i~?~ ) 



f f I f ~ f 



1/11 



n*4\'2 *3 y 



f 1*3 \*2 M 

f f \f ~t~f 
1 1 I 2 V3 4, 



: 1*2 Y3 8 V 



fi4\4 *4, 



1/1.1 

|h 1 



(12 . 3'4')* 
(14. 2 3) „ 
(24.1'3') „ 



WiVi '2 



(34 . 1'2') 



5? 



^equations are 

i{X-(f l +gY}-f 1 ^Z=0, y{X-(f 8 +^)Y}-^f 4 W=0. 

76. To verify the equations of the line 12 . 3'4 ; , observe that the two equations give 



7 Z+lW= 7 ^x(~+~) - Y 



FT"? r"F"T"F 
/I T 2 X 3 J 4, 



ry8 



ZW==: r ^ r (X--f 1 +f 2 Y)(X-fs+f4Y) : 



i^sm 



the equation of the surface, multiplying by X and observing that — yb=af{£ 2 f 3 i 
becomes 

X 2 ZWHOCP(yZ+&W) + ^ 

and substituting the values just obtained, this is 



X'fX-^+tYXX-f.+OT 

+f^ 3 f 4 Y 4 ~(X™f 1 YXX^f 3 Y)(X^f 3 Y)(X--f 4 Y)^0 ? 

which is in fact an identity. 

77. The facultative lines are the transversal and the six mere lines; b ! =g f =7 ; t ! =$* 

78. The equation of the Hessian surface is found to be 

(yZ + SW)XZW+Y 2 ( y Z~SW) 2 ^ 

- (yZ+MV)(3aX 3 + 95X 2 Y + 66'XY 2 ) 
^9X^(ac^b 2 )X 2 +(ad^bc)'XY+(bd^€ 2 )Y 2 }=0 
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79. Combining with the foregoing the equation of the surface 

XZW+Y 2 (yZ+SW)+0, 5, c, d£X, Y) 3 ^0, 

it appears that these have along the line X=0 ? Y=0 the common tangent plane X=0, 
or, what is the same thing, that they meet in the line X=0, Y=0 (the axis) twice, and 
in a residual curve of the tenth order, which is the spinode curve ; the equations may be 
presented in the somewhat more simple form 

XZW+Y 2 (yZ + SW)+(^ i, c, <Z£X, Y) s =0, 
~4ySY 2 ZW-4(yZ+^W)(^, b, c, d£X> Y) s +12y&XY*(aX+iY) 
+X 4 (^12^+95 2 )--3^(4aX 3 Y+65X 2 Y 2 +4^XY 3 +^Y 4 )=0, 

which, however, still contain the line X=0, Y=0 twice. The spinode curve, as just 
mentioned, is of the tenth order; that is, we have <r' = 10. 

Each of the 6 mere lines is a double tangent to the spinode curve, but the trans- 
versal is only a single tangent : to show this, observe that the equations of the trans- 
versal are X=0, yZ+5W+dY=0 ; substituting in the equations of the curve the first 
equation, that of the cubic surface is of course satisfied identically ; for the second 
equation, writing X=0, this becomes Y 2 {-4yBZW-4^Y(yZ + SW)-3^ 2 Y 2 }=:0 ; or 
writing herein dY= — (yZ+SW), it becomes Y 2 (yZ— -SW) 2 =0. The value Y 2 ~0 gives 
X=0, Y=0, yZ+&W=0, viz. this is a point on the axis X=0, Y=0 not belonging to 
the spinode curve; the value (yZ — SW) 2 =0 gives a point of contact X=0 9 
yZ+SW-f ^Y==0, yZ — SW=0; and the transversal is thus a single tangent. Hence 
the number of contacts is 2.6+1, =13; that is, we have |3'=13. 

Reciprocal Surface. 

80. The equation is found by equating to zero the discriminant of the binary quartic 

{^X 2 +j/XY-(fe+y^)Y 2 }+4Zw{X(a, 5, c, dJX, Y) 3 -y&Y 4 }, 
or say this is (*X^ ^) 4 > where the coefficients are 

Qx 2 -\-24tazw, 

oxy -\-18bzWj 

y 2 -—2(h-\-*yw)x~\-12czw, 
— - 3(cte + y w)y + 6 dzw, 
6(lz~ -yw) 2 . 

81. Forming the invariants, these are 

|I=A 2 + MVzw + lUpzW . 
-J=A 3 + 36AUm^+216V^W+864^W 1 
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where 

A~^ 2 +4(fe+yw)#, 

U=2y^ 2 + 2tf(fe-yw) 2 +3%(fe + ^ 
Y=(-8ac+9b 2 )(lz-yiv) 2 

+(2c 2 -bd)[y 2 ~2(Sz+yw)x~] 
-\-(—4:ad+6bc)y(lz-\-yw) 
—2cdxy 
+ d 2 x 2 

+ iyh(2cx 2 — Sbxy + ay 2 ), 
fjb=c 2 —M, 
p =ad 2 —2bcd+2c\ 
and the equation is 

Or, expanding, this is 

A>-A 3 V + A 2 U 2 

+ 4zw( -A 3 * +12A 2 U^~9AUV+8U 3 ) 
+ 36*V ( 4A> 2 ~4AU*+16U>--3V 2 ) 

+ 864sV( 4U^ 2 ~W) 

+ 1728*V( 4^ 3 -* 2 )=0, 

where observe that the value of 

4^ 3 -A = 4(bd-(?) s —(ad?-3bcd+2c*)* is =~^ 2 (a 2 ^ 2 +4^ 3 +45^-3JV-~6^^). 

82. It is convenient to modify the form of the equation as follows ; write 

J] l= J5+8ayhziD, V^Y + {-8ac+% 2 )ylzw, 

so that 

A — y 2J ri(lz-{-yw)x, 

J] l — — 2 ylx 2 + %ci(hz + ywf + 3by(hz + yw) + c[_y 2 °—2(lz + yw)x~\ — dxy* 
Y l =(-8ac+W){lz-\-yw) 2 

+(2c 2 -~bd)Uf-2(lz+yw)x~\ 

+ ( — iad + Qbc)y(hz + ytv) 

-[- 4ycS(2OT 2 — 35#y -f tfj/ 2 ), 
|M»= c 2 —bd, 
v = ad 2 —2bcd+2e\ 
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A, U 15 Vi being, it will be observed, functions of #, y 9 iz+yw. The transformed equa- 
tion is 

A a (A>-AV 1 +U;) + £bw=0, 
where the term Q may be calculated without difficulty : the first term of this is 

= {^ 2 +4(fe+yw)#} 2 . 4y$ 2 [#+%~ f?(<fe+yw)] . . [#+%— f2(fe + y«0)], 

the developed expressions of J(A 2 ^ — AV^U?) and of y 2 !5 2 into the product of the linear 
factors being in fact each 

=tf.y*h*+a?y.dyb+x*f. -Zcyl+xif . Sbyl+f . — ay& 

+[^(~^~6^)+^ 2 ^ 

+ [a? s (9c a — 68<Z— 2«y)+o?y(3«d— 9^)+y 3 . 3ac](fe + yw) 2 

+ [>(6a0--9fl 2 )+y . 3a5](& + yw) s 

+o l l 4 .(lz + ywy. 

The form puts in evidence the section by the plane w=0, which is the reciprocal of the 
node B, viz. this is a conic (the reciprocal of the tangent cone) twice, and four lines, the 
reciprocals of the nodal rays, each once. And similarly for the section by the plane 

83. The nodal curve is made up of the lines which are the reciprocals of the six 
mere lines and the transversal ; viz. we have three pairs of lines and a seventh line, 
the lines of each pair intersecting at a point of the seventh line, and these three points 
being the triple points of the nodal curve; £ ; =3 as before. 

84. The equations of the cuspidal curve are at once reduced to the form 

A 2 +24Usw + 144^s V=0, 

AU + (18V-12^A)^ + 72^V=0, 

which are two quartic surfaces having in common the conies z=0, A=0, and w=0, 
A=:0 ; or we may say that the cuspidal curve is a curve 4 . 4 — 2—2 ; that is e/=12. 
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Section V=12-B, 
Equation WXZ+(X+Z)(Y 2 -aX 2 -5Z 2 )=0. Article Nos. 85 to 94. 
5. The diagram of the lines and planes is 







Lines. 

fci) w-t u> i— i 1-0 i— ' to I— ' tfa*. to 




v= 


12~B 4 . 


ol *«- 
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11 
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>-* 
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II 
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12 
V2' 



IF 
. 12' 

O 
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22' 

11'. 22' 
12'. 21' 


JO I" 

2x12 = 24 




• e 

e e 

• ft 
ft « 

• ft 
ft ft 




a 
• 
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Biplanes containing 
rays 1, 2 and F, 2 f 
respectively. 


IX 3= 3 






• 
• 
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• » 


Plane touching along 
edge and containing 
the transversal. 


4x4 = 16 


• 

• 
• 

• 

• 
• 
• 
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• 
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© ft 

• • 

.9 • 
ft • 






Biradial planes each 
containing a ray of 
the one and a ray of 
the other biplane. 


2X1=2 

9 45 


» 




Transversal in the plane 
touching along the edge. 




Planes each through 
the transversal. 




« 


Mere lines. 


o ^ w 

"W P 

CD i~t 
m »~- 

CD ~* 
» W £2* 

O & 

i CD 


fe=J 

* 


• 



86. The planes are 



X=0, 

z =0 ? 

X x /a+Y-Z v /J=0, 
Xv/a+Y-Z^/*=0, 
X\/«+ Y+ZyQi = 0, 

^(X+Z)+W=0, 
2 p2 



12 

ri'on 

~°] 
[11'] 

[12'] 

[211 

[22'] 

I XX • jLlJj j 
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87. And the lines are 



a 


b 


C 


f 




.? 


7j 


equations may be written 











1 





(3) 


x=o, z=o 


1 





1 











(4) 


x+z=o, w=o 














x/£ 


1 


(1) 


X=0, Y-Z^/^0 


f 











-«/3 


1 


(2) 


X=0, Y + Z^A^O 











1 


\/a 





(1') 


Z=0, -X N /a+Y=0 


o 








1 


—\Ja 





(2') 


Z = 0, Xx/«+Y=0 


: 


1 

V ab 


1 

V a 


.* 1 


2( *fa—*fb) 


-2 


0-1') 


but for the other lines the co- 
ordinate expressions are the 


1 
Vb 


1 

V ab 


1 

V a 


2 


2(-s/a-x/6) 


-2 


(12') 


more convenient. 


: 1 

V b 


1 
V ab 


1 
s/ a 


2 


2( v/fl+v/J) 


-2 


(21') 


■ 


1 

V b 


1 

Vab 


1 
Va 


2 


2(-v/a+v/ft) 


~2 


(22') 





88. The four mere lines and the transversal are each facultative; the edge is also 
facultative, counting tivice; §'=&'= 7, ^=3. 

That the edge is as stated a facultative line counting twice, I discovered, and accept, 
a posteriori, from the circumstance that on the reciprocal surface the reciprocal of the 
edge Is (as will be shown) a tacnodal line, that is, a double line with coincident tangent 
planes, counting twice as a nodal line. Eeverting to the cubic surface, I notice that the 
section by an arbitrary plane through the edge consists of the edge and of a conic 
touching the edge at the biplanar point ; by what precedes it appears that the arbitrary 
plane is to be considered, and that twice, as a node-couple plane of the surface : I do 
not attempt to further explain this. 

89. Hessian surface. The equation is 

(X+Z)XZW+(X-Z) 2 Y 2 + (X+Z)(3^, -a, -5, SbJX, Z) 3 =0. 
Combining with the equation 



XZW+(X+Z)(Y 2 -«X 2 -5Z 2 )^:0 5 

and observing that from the two equations we deduce 

-XZY 2 +(X+Z)(tfX 3 +6Z 3 )^0, 

it appears that the complete intersection of the Hessian and the surface is made up of 
the line X=0, Z = (the edge) twice (that is, the two surfaces touch along the edge), 
and of a curve of the tenth order, which is the spinode curve ; ^=10. 
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The equations of the spinode curve may be presented in the form 

XZ, aX*+bZ 2 -Y\ aX 3 + bZ 3 =0; 
X+Z, W , Y 2 

it is a curve 3.4 — 2, the partial intersection of a quartic and a cubic surface which 
touch along a line. 

The binode is on the spinode curve a singular point ; through it we have two branches 
represented in the vicinity thereof by the equations 

\W~ ~*\Wj ' W~ \2b) \WJ ) aiKl \W~ i2 \Wj > W — \2a) \Wj 

respectively. 

90. The edge counted once is regarded as a double tangent of the spinode curve (I do 
not understand this, there is apparently a higher tangency) ; each of the four mere lines 
is a double tangent; the transversal is a single tangent; hence j3' = 2. 2 + 2.4 + 1, =13. 

Reciprocal Surface. 

91. The equation is found by equating to zero the discriminant of the binary quartic 

fX 2 Z 2 + 4w(X^+Z^)XZ(X+Z)+4^X 2 +5Z 2 )(X + Z) 2 , 

viz. multiplying by 6 to avoid fractions, and calling the function (#X^ Z) 4 , the coeffi- 
cients are 

24ot 2 , 

y 2 -\-i(x J r z)w-\-i(a J rh)iD i 
6tv(z J r 2hiv), 

24:bw 2 ; 



.2 
? 



and then writing 



L =^ 2 +4(^+^)w+4(^+5)w 2 , 



M= 4:(a;z-{-2ba; + azw) 9 
N = IQaby 2 — bx 2 — ay 2 , 



we find 



iI=L 2 -12w a 



J = L 3 — 1 8 w a LM - 5 4 w 4 N 



j 



and then the equation is 

1 



1O8w 4{(L 2 -12w 2 M) 3 -(L 8 -lSw 9 LM-54w 4 N) a } = 0. 

viz. it is 

L 3 N + L 2 M 2 - 1 8 w 2 LMN - 1 6 w 2 M s - 2 7to 4 W = 0. 



« • , • 
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92. This, completely developed, is 

8 4w 6 . ab{a + bf { (a + b)y 2 — (x — zf } 
+ 32w B .2aJJ 3(a+b)[(a-2b)x+(-2a+b)z~]y 2 1 

\ + (w-z)*[(-Sa+bb)x+(ba-Sb)z'] J 

+ 16w 4 f 3a5(a 2 - 7ab+b 2 )tf 

+ [b(9a 2 + 2Qab~b 2 )w 2 ~2Qab(a+b)xz + 

^(x~zf[h(—l2a + b)x 2 + 22abxz+a(a--12b)z r 

+ 8w 8 f 3oS[2<&— %+(— a+2Z>>> 4 

, 4-[£{~2^+5S> 3 +5(3a~2% 2 £+^^ 
^ + 2(x~~ z)\— 2bx 3 + bx 2 z-\-aX7 2 —2ay z ~\ 

+ 4^ 2 r 3ab(a-\-b)y Q 

+ [£(9« — 2S)^ 2 + 8$fe + a( — 2a+9b)z 2 ']y 4 
+ 2 [ •— 6 J.t 4 -f 5.t 3 2 — (a + 5)# V + axz 3 — 6 «2J 4 ]y' 

+ 2w [ 2^(.t+^ 6 

■ [3&P 3 + 25# 2 s+ 2o#s + S^y 

+ 4$ V(,t + ;% 2 

+ # 4 (^ 2 ~~ ^)(^ 2 — £ 2 ) = , 

where we see that the section by the plane w=0 (reciprocal of B 4 ) is made up of the 
line io=0 ? y= (reciprocal of the edge) four times, and of the lines w=0, ay 2 —x 2 =Q; 
w=0 9 by*—z 2 =0 (reciprocals of the rays) each once. 

93. The surface contains the line #=0, w=0 (reciprocal of the edge); and if we 
attend only to the terms of the lowest order in y, w, viz. 

x 2 z 2 { 1 6(# — z) 2 w 2 -\- 8(#+ ^)y 2 w +y 4 } , 



^ 



^ 



which terms equated to zero give 



w= 



we see that the line in question (y=0, w=0) is a tacnodal line on the surface, the 
tacnodal plane being w=0, a fixed plane for all points of the line: it has already been 
seen that this plane meets the surface in the line taken 4 times ; every other plane 
through the line meets the surface in the line taken twice. We have in what precedes 
the a posteriori proof that in the cubic surface the edge is a facultative line to be 
counted twice. 

94. Cuspidal curve. The equation of the surface may be written 

(L 3 -12w 2 M)(4M a +3LN).-(LM+9w a N) a ==0, 
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and we thus have 



or, what is the same thing, 



4M 2 + 3LN=0, 
LM + w 2 N=0, 
L 2 -12w 2 M=0, 



L, 12M, -9N 
w\ L , M 







for the equation of the cuspidal curve. Attending to the second and third equations, 
these are quartics having in common w 2 =0, L=0, that is, the line y=0, w=0 four times ; 
or the cuspidal curve is a partial intersection 4x4—4 : c'=12. 

Section VI =12- B 3 -C 2 . 
Equation WXZ+Y 2 Z+(«, b, c, tiftX, Y) 3 =0. Article Nos. 95 to 102. 
95. The diagram of the lines and planes is 
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96. Writing (a, b, c, d%K, Y) 3 =-d(d 2 X-Y)(Q 3 X-Y)(d i X-Y), the planes are 



x=o, 


[0] 


z=o, 


[00] 


2 X-Y=O, 


[22'] 


3 X-Y=O, 


[33'] 


4 X-Y=O, 


[44] 



^ 2 X-Y)-Z=0, [12] 

^ 3 X-Y)-Z=0, [13] 

<^ 4 X-Y)-Z=0, [14] 

X^ 3 -Y(4+5 3 )-W=0, [2'3'] 

Xd^-Y(d,+fl 4 )-W=0, [2'4'] 

X^ 4 -Y(4+^)-W=0, [3'4'] 



97. And the lines are 



a 


b 


c 


/ 


9 


h 


equations may be written 
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(0) X=0, Y=0 














-1 
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fl) X=0, dY+Z=0 
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(2) 4X-Y=0, Z=0 
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(3) 4X-Y=0, Z=0 
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(4) 4 X-Y=O, Z=0 
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— d0 s 
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-6 A 
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d(6A- 
d{6.A- 
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4 


(4') 4X-Y=0, 0*X+W=O 
(12 . 3'4') 

* * ' but for the remaining lines 
(13 . 2'4') the coordinate expressions 

are more convenient. 

(14 . 2'3') 


-44+ 4) 


-44+4) 


-44+4) 



The mere lines are each of them facultative; V p =g/=3; t f =0. 
98. Hessian surface. The equation is 

{Z+3(cX+^Y)}{XZW+Y 2 Z+(a, h, e 9 ef£X 5 Y) 3 } 

— 4Z(#, b, c, d%X., Y) 3 

— 3(4^—35% ad, Id, cd 9 fflJX, Y) 4 =0; 

and it is thence easy to see that the complete intersection is made up of the line X: 



5 
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Y=0 (the axis) three times, and of a curve of the ninth order, which is the spinode 
curve; 0*=$. 

99. The equations of the spinode curve may be written in the simplified form 

XZW+Y 2 Z+(a, 5, c, dftX, Y) 3 =0, 
4Z(a, J, c, dJX, Y) 3 +3(4^-3£ 2 , ad, U % cd, d*JX, Y) 4 =0, 

the line X=0, Y=0 here appearing as a triple line on the second surface; the curve is 
a partial intersection, 3x4—3. 

The node C 2 is a triple point on the curve, the tangents being the nodal rays. 

The node B 3 is a quintuple point, one tangent being X=0, 3^Y+4Z=0, and the 
other tangents being given by Z=0, (kac— 35 2 , ad, bd 9 cd, c? 2 3(X, Y) 4 =0. 

Each of the facultative lines is a double tangent to the curve, or we have /3 f =6. 

Beciprocal Surface. 

100. Comparing the equation of the cubic surface with that for IV=12-—2C 2 , it 
appears that the equation of VI=12 — B 3 — C 2 is obtained by substituting in that equa- 
tion the values &=0, y=l. But instead of making this substitution in the final formula, 
it is convenient to make it in the binary quartic (*X^> ^")*> ^ us * n ^ ac ^ working out 
the reciprocal surface by means of the function 

(%X 2 +yXY~-wYJ+4:zwX(a, b, c 9 a$X, Y)\ 

the coefficients whereof (multiplying by 6 to avoid fractions) are 

6s 2 +2Aazw, 

2>%y + 18few, 

y 2 —2xw J rl2czw, 

— Syw-{~ 6dzw, 

6w 2 . 



We find 



|I=L 2 —12^oM, 
-J=L S -18^;LM-54«VN, 



where 



L ~?f -{•&(% +ocz)w, 
M=2day-\-6(2cx~ hy J f2hdz)w— iaw 2 , 
N = - 4<?V- M{Ux-~2ay+2adz)w~l2{W-~ ±ac)w\ 
The equation is 

Xos5V2{(L 2 -- 12^M) 3 -(L 3 ^18^LM~54^WN) 2 }=0, 

viz it is 

L 2 (LN+M 2 )-18zwLMN-162wM 3 -27z 2 w 2 N 2 =0, 

where however LN+M 2 contains the factor to, =w P suppose; the equation thus is 

L 2 P-18zLMN-16^M s ~27s 2 wN 2 =0. 
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Write 



and therefore 



then we have 



"P. 

JL ■ 



B = 6ar— Sby+Qbdz— 2aw, 

C = 6bdw~4ady + 4:ad 2 z+n(3b 2 --4;ac)w, 

L = y 2 + Aw, 
M=2<%+2Bw, 
N = -4e?V— 4Cw, 

^{-(j/ 2 +Aw)(4^V+4Cw)+(2^ + 2Bw) 2 } 



or the equation is 



== — 4(0^— 2B(%+A<P^+w(AC— B 2 )}, 

4L 2 { Gf - 2B<% + AcZV + w( AC - B 2 ) } 

+18^LMN+16^M 3 + 27^ 2 wN 2 =0. 



101. Consider the section by the plane w=0> we have 1b=y 2 , M=2efa?y, N= — 4dP# 2 , 
and the equation becomes iy\Cy 2 — 2B^y+Ad! 2 ^ 2 )+(128 — 144 = )— 16d!Vy 3 2;=0 ; 
which substituting for A, B, C the values 

A=4#+12es, 

B = §cx~ 35y + 6M3, 

C = 6 Sd!# — 4$% + kad 2 z i 

becomes lQdy s (y—dz)(dw s — 3cx 2 y^3cwy 2 ~ay s )—Q ; which is in fact the line w=0, y=0 
(reciprocal of the edge) three times, and the lines w=0, (y—dz)(d, — e, b, —ay^x,y) s =Q 
(reciprocals of the biplanar rays) each once. Observe that the edge (X=0, Z=0) is not 
a line of the cubic surface, but the reciprocal line ^=0, w = presents itself as an oscular 
line of the reciprocal surface. 

102. The equations of the cuspidal curve are in the first instance obtained in the form 

= 0. 



Consider the two equations 



3N 
12zw, L, -4M 



L 2 -~l2zwU=Q : 
LM+ 9^wN=0 5 



each of the fourth order, but which are satisfied by zw= 0, L=0; that is, by 
(w=0, 3/ 2 =0) ? (2=0, y 2 + 4:%w=Q). The line (w=0, y=0) however presents itself in 
the intersection of the two surfaces, not twice only, but 4 times. To show this, observe 
that the line in question is a nodal line on the surface L 2 — 12ZWM. — ; in fact, attending 
only to the terms of the second order in y, w, we find 

{(4#+12(?s) a — liicxz— HUdz 2 }w 2 — 2M%zyw=0, 
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giving the two sheets 

{(£%+12czf--14:4:C%z--14:4:hdz 2 }w — 24:dwzy=0 and w=0; 

in regard to the last-mentioned sheet the form in the vicinity thereof is given by w= Ay 3 , 
viz. we have approximately L=?/ 2 ? M.=2dwy, and thence y 4 — 12z.Ay 3 .2dxy=Q, that is, 

A=^r^ — or w= 2 4 j y z ; the line is thus a flecnodal line on the surface L 2 — 12^wM=0. 

Next as regards the surface LM+ 9z wN=Q ; the line y=0, w=0 is a simple line on the 
surface, the terms of the lowest order being 9zw(— id 2 x 2 )=0 ; that is, we have w=0, and 
for a next approximation w=Ay 3 , viz. L=^ 2 , M= — 2docy, N== — 4d!V, and therefore 



-2dxy*+9z.Ay%-id 2 w 2 )=0,t}mti$,A 



l&dxz* 



oxw= — jg-i — y z ; there is thus a three- 



fold intersection with one sheet and a simple intersection with the other sheet of the 
surface L 2 — 12zwM=0. The surfaces intersect, as has been mentioned in the conic 
z=Q, y 2 -{~4:%w=z0 ; or we have the line ^=0, tv=0 four times, the conic once, and a 
residual cuspidal curve of the order 4 . 4 — 4 — 2, =10 ; that is, c f =10. 

Section VII=12-B 5 . 
Equation WXZ+Y 2 Z+YX 2 -Z 3 =0. Article Nos. 103 to 116. 
103. The diagram of lines and planes* is 
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* The marginal symbols in the preceding diagrams constitute a real notation of the lines and planes ; but 
here, and stiUmore so in some of the following diagrams, they are mere marks of reference, showing which are 
the lines and planes to which the several equations respectively belong. 
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104. The planes are The lines are 

Z = 0, [10] X=0, Z=0, (0) 

X=0, [00] Y=0, Z=0, (1) 

Y+Z=0 9 [12'] X=0, Y + Z=0, (2 f ) 

Y-Z=0, [13'] X=0, Y-Z=0, (3') 

X-W=0, Y+Z=0, (12 ; ) 
X+W=0 5 Y-Z=0 ? (13'). 

105. The two mere lines are facultative, and the edge is also facultative; g» f =5 7 =3 ; 

106. Hessian surface. The equation is 

Z( WXZ + Y 2 Z + YX 2 - Z 3 ) 
-4X 2 YZ+X 4 + 4Z 4 =Q. 
The complete intersection with the surface is thus given by the equations 

WXZ+Y 2 Z+YX 2 -Z 3 =0 5 

-~4X 2 YZ+X 4 +4Z 4 =0, 

which is made up of the line X=0 5 Z~Q (the edge) four times and a curve of the 
eighth order. To see this, observe that the last-mentioned surfaces have in common 
the line X=0, Z=0, which is on the first surface a torsal line (equation in vicinity 

being Z— —y X 2 ), an ^ on *^ e secon( i surface a triple line (equations in vicinity being 

11 1 1 

Z=yX 2 and X 2 =yZ 3 ). But Z=-— yX 2 touches Z=yX 2 , and the line counts thus 

(2 + 2=) 4 times. 

107. I say that the complete intersection is the line (X=0, Z=0) three times 
together with a spinode curve made up of this same line once and of the curve of the 
eighth order; and that thus o / = 9. 

The discussion of the reciprocal surface in fact shows that the reciprocal of the edge 
is a singular line thereof, counting once as a nodal and twice as a cuspidal line thereof; 
the cuspidal tangent planes are the reciprocals of the several points of the edge, and 
the edge is thus part of the spinode curve. The reasoning may appear to show that 
the edge should be counted twice, but it must be counted once only, making the order 
= 9 as mentioned. 

108. I find that the octic component of the spinode curve is a unicursal curve, the 
equations of which may be written 

X:Y:Z:W=16a 2 :4H16S 5 :16S 3 :^5-8S 4 -16S 8 ; 

the values of 6 at the binode B 5 are 0=0, <9=:co , and we thus obtain in the neigh- 
bourhood thereof the two branches 



Y r/ZV X_ 25 /Z\ 3 , X_/Z\* Y_ /Z 



•2 
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109. Each of the lines (X-W=0, Y+Z=0) and (X+W=0, Y-Z=0) is a double 
tangent of the spinode octic ; in fact for the first of these lines we have 

16^+84 4 + 169 2 +5=0 ? 164 5 +164 3 + 44=0, 
that is, 

(2d 2 +l) 2 (44 4 -4#+5)=0, 44(24 2 +l) 2 =0, 

so that the line touches at the two points given by 2$ 2 + l=0; and similarly the other 
line touches at the two points given by 2d 2 — 1 = 0. 

The edge X=0, Z=0 has apparently a higher contact with the spinode octic, viz. 
the equations X=0, Z=0 are satisfied by 0=0 twice, 4=oo five times; but it must be 
reckoned only as a double tangent. Hence j3'=2 . 2 + 2, =6. 

Reciprocal Surface. 

110. The equation is obtained by equating to zero the discriminant of the binary 

quartic 

X%Z - wXf + 4wZ 2 (wZ 2 + zZX+wX 2 ), 

viz. calling this (#X^ ^) 4 > ^ e coefficients (multiplying by 6) are 

(6w 2 , — 3yw, y 2 -\-ixw, 6zw, 24w 2 ); 
and then writing 

M= — 2ys— 4w 2 , 
N = —4^ 2 +16^, 



we have 



M=L 2 -12w 2 M, 

-J=L 3 -18w 2 LM-54w 4 N, 

and the equation is, as in former cases, 

L 2 (LN+M 2 )- 18w 2 LMN - 16w 2 M 3 - 27w 4 N 3 =0 ; 

but LN+M 2 and therefore the whole equation divides by w, and we thus obtain 
16L%-xz 2 +fx+w(p+4:x*)+w 3 )-18wLMT$-lQwM 3 —27'w 3 W=0; 

or, completely developed, this is 

w 7 .64 
+w 5 .32 ( tyz-ix 1 ) 
+w i .lQx( 5f+9z 2 ) 

+w 3 . ( ^+30#V+160?/£r ! -272 4 +64<) 
+ w 2 . ix( 1 \fz + 1 2fx 2 - 9yz 3 - 4« V) 
■+-W . y 2 ( y 3 z+I2y 2 x*—yz 3 —&zV) 
"1~ y" iV ( y*—z~)=0. 



286 PBOFESSOE CAYLEY ON CUBIC SURFACES. 

111. To transform the equation so as to put in evidence the nodal curve, I collect the 
terms according to their degrees in (y 9 z) and (#, w) ; viz. the equation thus becomes 

64^% 3 -128^(; 5 +64^ 
-f- £ ( — 1 6#V +14 ixiv 4 ) 
J rzy{ 160#V+ 96w 5 ) 
+y 2 ( A8xV+ 8(W) 
+z\ — 27w 3 
-\-z s y . — -36ot; 2 
-f z 2 y 2 . — • 8x\o + 3 Cko 3 

+zy 5 .w 

-j-y 6 .x = 0. 

And if for a moment we write z=& + y, y=cc—y and collect, ultimately replacing a, y by 
their values \(z-\-y\ \{z—y)> the equation can be expressed in the form 

Mw 3 (x 2 -w 2 ) 2 
+ 8w 2 (z +y )%% +w) 3 (#+3w) 
+ 8^ 2 (£ — y ) 2 (# — w) 2 („v— 3w ) 

— d2w%z 2 ■— y 2 ) («r 2 ~- w 2 )# 

. + iw +^ ) 4 (^ + w ) 2 

— w (s +y ) 3 (z—y)(x+w)(Bx+7tv) 
+ %w(z 2 -yj(llx 2 ~~2tw 2 ) 

— w {z +y ) (#— y)*{x— w)(Zx— 7w) 

+ £w?(3 — y) 4 (ff— w ) 2 

— ?/ 3 (^ 2 — y 2 ) (zw + #y ) = 5 

and observing that we have 

zw-\-xy= —z(x~~ w)-{-%(z-{-y) 
= z{x+w)—x(z—y) 9 

we see that every term of the equation is at least of the second order in z-\-y and x—w 
conjointly; and also at least of the second order in z—y and x-\-w conjointly; that is, 
the surface has the nodal lines (z+y—0 9 x—w—0) and (z— y=0, x+w=Q), which are 
the reciprocals of the lines 12' and 13 ; respectively. The nodal curve is made up of 
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these two lines and of the line y=0, w=0 (reciprocal of edge), as will presently appear ; 
so that we have h ! = 3. 

112. The equations of the cuspidal curve are 

L 2 -12w 2 M=0, 
LM+ 9w 2 N=0, 
4M 2 + 3LN =0. 
Attending to the two equations 

LM + 9 w 2 N =/;s + 2/w^ 

these surfaces are each of the order 4, and the order of their intersection is =16, 
But the two surfaces contain in common the line (^=0, w=0) 7 times; in fact on the 
first surface this is a cusp-nodal line 4OT+# 2 +-%f = G ; and on the second surface it is 
a nodal line w(4:Wy-\-18z'w)=Q ; the sheet w=0 is more accurately ixvo + y 2 +% 3 . . . = ; 
whence in the intersection with the first surface the line counts 5 times in respect of the 
first sheet and 2 times in respect of the second sheet ; together (5+2 = )7 times, and the 
residual curve is of the order (16-— 7=) 9. 

113. I say that the cuspidal curve is made up of this curve of the 9th order, and of 
the line #=0, w=0 (reciprocal of the edge) once; so that<y=10. In fact, considering 
the line in question y=0, w=0 in relation to the surface, the equation of the surface 
(attending only to the lowest terms in #, w) may be written 

— wz 2 (y 2 +4:ww) 2 +w(~-y s z 2 )-i~w 2 ( — 36#y£ 3 )+&c. = G, 

giving in the vicinity of the line 

4#w+^ 2 =Ayf, 
and then 

-^A 2 +~(!-ff)=0, 
that is, A 2 =-~ 2~£ or 4#w+^ 2 =v— 2. — y§; wherefore the line is a cusp-nodal line, 

OS OS x 7 

counting once as a nodal and once as a cuspidal line ; and so giving the foregoing results 
S'=3, </=10. 

114. I revert to the equation which exhibits thejnodal lines (#■— w=0, y-\- z=0), 
(#4-w=:0, y— z=0) for the purpose of showing that they have respectively no pinch- 
points; that is, that in regard to each of them we have /=0. In fact for the first of 
these lines, neglecting the terms which contain oc— w, y-\-z conjointly in an order above 
the second, the equation may be written 

Qiw 3 (x+w) 2 {x—w) 2 

+ 8w 2 (#+ w) 2 (#+ 3w)(s +y ) 2 
+ 8w 2 {z — y)%%— 3w)(#— w 



A 
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+¥> (z~-y)Xll% 2 -Ww 2 )(z+y) 2 

— w (z—y) 3 (3x—7w) (x—w)(z+y) 

+|w {z-yY (x-wf 

+y 3 z (z-y) (x—w)(z+y) 

-tfx {z-y) (*+y) a =0, 

viz. this is 

(A, B, CJx-w, z+y)*=0, 

where, collecting the terms and reducing the values by means of the equations x— w=0. 
z+y=Q, or say by writing x=w 9 -—y=z, we have 

A= Uw 3 (x+w) 2 = 256w 5 

+ 8iv 2 (z— y)\x— 3w) — 6Aw 3 z' 
+ \w\z—yy + Awz" 

= Atv(z 2 -8w% 

B= - S2(z-y)(x+w)xw 2 = -128w 4 z 
-w(z-y)\Zx-lw) + 32wV 

+fz(z—y) - 2z 5 

= -2z(z 2 -8w 2 ) 2 , 

C= 8w 2 (#+<)(>+3w) = 128w 5 
+iw(^-^) 2 (ll^ 2 ~-27w 2 ) - 32wV 
~xy 3 (z—y) + 2W 

—xy 3 (z—y) + 2W 

= 2w(> 2 -8w 2 ) 2 . 

Hence the condition 4AC— B 2 =0 of a pinch-point is (z 2 — 8w 2 ) 5 ==0, so that the pinch- 
points (if any) would be at the points a;—w=0, y+z=0, z 2 —8w 2 =0 ; or say at #, y, 0, 
w=l, — 2\/2, 2^/2, 1. But these values give L, M, N=12, 12, -—16 ; values which 
satisfy the equations L 2 -12w 2 M=:0, LM+9w 2 N=0, 4M 2 +3LN=0, and as the points 
in question are obviously not on the line y=0, w = 0, they lie on the ninthic component 
of the cuspidal curve, being in fact points /3', and not pinch-points. 

The line ^=0, w=0 qua nodal line would have every point a pinch-point, but being 
part of the cuspidal curve, no point thereof is regarded as a pinch-point ; that is, in 
regard to this line also we have/ =0. And therefore for the entire nodal curve /=0. 

115, The cuspidal ninthic curve is a unicursal curve, the equations of which can be 
very readily obtained by considering it as the reciprocal of the spinode torse ; we in 
fact have 

x:y:z: w=ZW+2XY : 2YZ+X 2 : WX+Y 2 -3Z 2 : ZX, 



A 
A 
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or substituting for X ? Y, Z, W their values (=16S 2 , id+166% 163% — 5 — 8^ 4 — 16S 8 ) and 
omitting a common factor 16# 2 , we find for the cuspidal curve 

x:y: z: w=Zd+2^-lQd» : 24£ 2 +32^ 6 : -4-480*: 160 3 

(values which verify the equation X#+Yy+Z3+Ww=0); the spinode curve being 
thus of the order =9 as mentioned. 

For 5=oo we have the singular point (y=0, 2=0, w=0), (reciprocal of torsal biplane), 
and in the vicinity thereof x : y : z : w=l : — 2Q~ 3 : 30~~ 5 : — #~ 6 , therefore 

#/ x \xj 2 7 \ x 

For 5=0 we have the singular point #=0, #=0, w=0 (reciprocal of the other 
biplane), and in the vicinity thereof # : y : z : w=— f$: — 6S 2 : 1 : — 4# 3 , therefore 

^ 3. 2. /fA 2 , ^ 2. 5. 6. /f x d 

116. The section of the surface by the plane z=0 is an interesting curve. Writing 
z=0 in the equation of the surface, I find that the resulting equation may be written 

(64w 3 , lUxw 2 , w*+76x 2 w+xy 2 Jw 2 +27x 2 , y 2 -32.w?) 2 =0, 

where observe that 

6 4w 3 (w s -f 7 Qxhv +xy 2 ) — (72xw 2 ) 2 

= Uw 3 [w(w 2 + 27x 2 )+x(7j 2 —52xw)] ; 

so that the curve has the four cusps w 2 +27# 2 =Q, ^ 2 — 32xw=0; the plane 3=0 
intersects the cuspidal ninthic curve in the point (#=0, 3=0, w=0) counting 5 times, 
and in the last-mentioned four points : in fact, writing in the equations of the ninthic 
3=0, that is 1+123 4 =0, we find x, y, w=ffl, ^ 2 , 165% and thence w 2 +27x 2 = 
^ 2 (1+123 4 )=0, f- 32^=0. 

The curve has also nodes at the points (y=0, x-{-w=0; y=0, x— w=0), viz. these 
are the intersections of the plane 3=0 with the nodal lines (y— 3=0, x-\-iv=0) and 
(y+3=0, &—w=0) 9 and it has at the point {y=0, w = 0) (intersection of its plane with 
the cusp-nodal line ^=0, w = 0, and quintic intersection with the cuspidal ninthic) 
a singular point =2 cusps+7 nodes; hence the curve has cusps =(4+2 = )6; nodes 
(2 + 7 = )9; or 2 nodes +3 cusps=36 ; class =6, as it should be. 



mdccclxtx. 2 n 



290 



PKOFESSOK CAYLEY ON CUBIC SURFACES. 



Section VIII=12-3C 2 . 
Equation Y 3 +Y(X+Z+W)+4aXZW=0. Article Nos. 117 to 125. 
117. The diagram of the lines and planes is 
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Planes each touching 
along an axis and 
containing the cor- 
responding trans- 
versal. 



Biradial planes each 
containing two rays 
of the same node. 



Planes each containing 
an axis, and two rays 
through the terminal 
nodes respectively. 



Plane through the three 
axes. 



Plane through the three 
transversals. 
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118. Take m„ m 2 as the roots of the equation (m- 
171^2=1, then the planes are 



lf=:iam, so that m 1 -f-m 2 =2- r -4«, 



-X. = U, 


[ 7] 


X — — 9 Uj 


r 8i 


z=o, 


r 9] 


v±7 _L"V -—ft 


;c 12] 


Y+X+W=0, 


[34] 


Y+Z+W=0, 


[56] 


Y=(m 1 -— 1)X, 


[13] 


Jl ii ir in. 1 if 1/0 *■*"■"* JL ).xV.* 


[24] 


Y=(m 2 — • 1)Z, 


r l6 i 


Y=(m,— 1)Z, 
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Y=(m 1 -l)W, 
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Y-f-X -j- Z -f- y\ = 0, 
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119. And the lines are 
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120. The three transversals are each facultative ; t> ! =b ! =3; t ! =0. 

121. Hessian surface. The equation is 

4aXZW(3Y+X+Z+W)+Y 2 (X 2 +Z 2 -fW 2 --2XZ-~2XW-~2ZW)=0. 

The complete intersection with the cubic surface is made up of the lines (Y=0, X=0), 
(Y=0, Z=0), (Y=0, W=0) (the axes) each twice, and of a sextic curve which is the 
spinode curve ; <r~6. 

The spinode curve is a complete intersection 2x3; the equations may in fact be 
written 

Y 3 +Y 2 (X+Z+W)+4aXZW=0, 

3Y 2 +4Y(X+Z+W)+4(XZ+XW+ZW)r=zO; 

the nodes D, C, A are nodes (double points) of the curve, the tangents at each node 
being the nodal rays. 

Each of the transversals is a single tangent of the spinode curve; in fact for the 
transversal Y+Z+X=0, -y^-^ these eqtlations of course satisfy the equation of the 
cubic surface ; and substituting in the equation of the Hessian, we have Y 2 (X~ Z) 2 ~0. 
But Y+Z+X=0, W=0, Y^O is a point on the axis W=0, Y^O, not belonging to 
the spinode curve; we have only the point of contact Y+X+Z=0, "W=0, X— Z = 0. 
Hence /3 f ~3. 

Reciprocal Surface. 

122. The equation is found by means of the binary cubic, 

aT(T-yU) a +(T-arU)(T-2U)(T-«;U) 5 

viz. writing for shortness 

I = xzw ; 

this is a binary cubic (#)fT 5 U)% the coefficients whereof are 

3(a + l), —2mj— (3, atf + y, —d\ 

and the equation is hence found to be 

±aY(tf-$tf + yy-l) 

+ a 2 {(127~/3 2 y~(83 7 +36% 3 +(30j3H8 7 2 )/-36 7 ^+27S 2 } 
+2^{(6 r 2 — j3V— 9/3% 2 +(12j3 2 S— 2j3y°"— 18 r %+2 7 3 + 27S 2 — 9^^^ 

-(/3V 2 +18j37^4|3 3 S-4y 3 ~27S 2 ) = 0; 

or substituting for j3, y, i in the first and last lines their values 
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this is 

Uy{y—oc){y—z){y—w) 

+a 2 {(12y-^ 4 -(8(3y+36% 3 +(30^+8y 2 )j/ 2 -367^+27S 2 } 

+ 2«{(6y 2 -/3 2 r -9p% 2 +(12/3^-2/3y 2 -18^+27 3 +27S 2 -9/3 y S} 

— (x— z)\x— 'W) 2 (z— ~w) 2 =Q. 

123. The nodal curve is made up of the lines (y=x=z), (y=x=w), (y=z=w), reci- 
procals of the three transversals. 

To show this I remark that, writing 

P'=(x— y)+(s—y)+(w— y), 

V =(x—y)(z-*y)(w—y), 
the equation of the surface may be written 

±aY(y-x)(y—z)(y—w) 

+a 2 {y 2 (l2fil , -y f2 )+x . 18 7 ^+27S f2 } 

+2^(~6j3' 2 S'+2|3y 2 +^^ 

—(x—z)%x—w) 2 (z—w) 2 =0, 

whence observing that y f is of the order 1 and 5' of the order 2 in (#-—#), (z—y) con- 
jointly, each term of the equation is at least of the second order in (x-—y), (z—y) con- 
jointly; or we have y=x=z, a nodal line; and similarly the other two lines are nodal 
lines. 

124. The foregoing transformed equation is most readily obtained by reverting to the 
cubic in T, U, viz. writing jp=x—y, r=z—y, s=w—y> and therefore x~y+p, z=y-\-r, 
w=zy-{-s, the cubic function (putting therein T=V+^U) becomes 

a (V+yV)V 2 +(V-pV)(Y--rTJ)(V-sV) ; 

writing ]3', y\ y=jp+r+s, pr+ps+rs, prs, the coefficients are (3(#+l)? a y—fi\ y\ — 3S% 
and the equation of the surface is thus obtained in the form 

270+l) 2 S' 2 

+ 18(a+l)(ay-/¥yy 

+ 4(a+l)y /3 
- Kay-pjl' 
_ {ay-$yy H =®, 

which, arranging in powers of a, and reversing the sign, is the foregoing transformed 
result. 

125. The cuspidal curve is given by the equations 



3(^+1), — 2&y— j3, ay*+y 
2ay—(3, ay 2 +y, — i 



= 0, 
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or say by the equations 



that is 



and 



^a+l)l+(2mj+P)(af+ 7 )=0, 



consequently e/ = 6. It is to be added that the cuspidal curve is a complete intersec- 
tion, 2x3. 

Section IX=rl2-2B 3 . 
Equation WXZ+O, b, c, eZXX, Y) 3 =0. Article Nos. 126 to 136. 
126. The diagram of the lines and planes is 
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2x6 = 12 


• • • 

• • • 

• • • 




Other biplanes of the 
two binodes respect- 
ively. 


3x9 = 27 
6 45 


• • 

• • 

• • 

• • 

• • 

• • 

• • 

• • 


• 
• 
• 


Planes each through 
, the axis and contain- 
ing rays of the two 
binodes respectively. 






Rays, 1, 2, 3 in the non- 
axial biplane 7 of the one 
binode, and 4, 5, 6 in the 
non-axial biplane 8 ©f the 
other binode. 


Axis Joining the two bi- 
nodes. 





127. Writing {a, b, c, d£X, Y^-d^X- 

X=0, 
Z =0, 

w=o, 
/; x- y=o, 

/,X-Y=0,- 

f 3 X-Y=0, 



Y)(/ 2 X-Y)(/ 3 X-Y), the planes are 

[0] 
[7] 

[8] 
[14] 

[25] 
[36]; 
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and the lines are 

X=0, Y =0, (0) 

/X-Y=0, Z =0, (1) 

/ 2 X-Y=0, Z =0, (2) 

/ 3 X-Y=0, Z =0, (3) 

/,X-Y=0, W=0, (4) 

/ 2 X^-Y=0, W=0, (5) 

/ 3 X-Y=0, W=0, (6) 

128. There is no facultative line; g/=5'=0, t'—Q; and hence also /3'=0. 

129. Hessian surface. The equation is 

X{ZW(cX-t-<ZY)-3X(«c-& 2 , ad-bc, M-c^X, Y) 2 }=0, 

so that the Hessian breaks up into the plane X=0 (axial or common biplane) and into 
a cubic surface. 

The complete intersection of the Hessian with the cubic surface is made up of the 
line X=0, Y=0 (the axis) four times; and of a system of four conies, which is the 
spinode curve; d=8. 

In fact combining the equations 

WXZ+(«, b, c, d$X, Y) 3 =0 

ZW(cX+dY)-3X(ac-b\ ad-bc, bd-c*JX,Y) 2 =0, 

these intersect in the axis once, and in a curve of the eighth order which breaks up 
into four conies ; for we can from the two equations deduce 

(a, b, c, d£X, Yy(cX+dY) + BX%ac-b\ ad-bc, bd—c 2 %X, Y) 2 =0, 

that is, 

(kic-U\ ad, bd, cd, d%X, Y) 4 =0, 

a system of four planes each intersecting the cubic XZW + ($, b, c, dJX, Y) 3 =:0 in the 
axis and a conic ; whence, as above, spinode curve is four conies. 

It is easy to see that the tangent planes along any conic on the surface pass through 
a point, and form therefore a quadric cone ; hence in particular the spinode torse is 
made up of the quadric cones which touch the surface along the four conies respectively. 

Reciprocal Surface. 

130. The equation is obtained by means of the binary cubic 

X(wX+yY) 2 + 4,zw(a, b, c, d^X, Y) 3 , 

viz. calling this (*XX, Y) 3 the coefficients are 

(3w 2 -\-I2azw, 2xy-\-12bzw, y 2 -\-12czw, 12dziv). 
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The equation is found to be 

432(a 2 d 2 - Qabcd + Aac 3 + U 3 d - 36 V> V 
+216[(ad 2 -3bcd+2c*)w 2 +(~2acd+m~2h 
+ 9[3^V~12tf^+(10^+8^^ 
—y 3 (dx 3 —3cx 2 yi\-3bxy 2 —ay 3 )=0. 

The section by the plane w=0 (reciprocal of B 3 =D) is the line w=0, y=0 (reci- 
procal of edge) three times, and the lines w~0, dx 3 —3cx 2 y + 3bxy 2 —ay 3 =:0 (reciprocals 
of the biplanar rays). And similarly for the section by the plane 2=0 (reciprocal of 
B 3 =C). 

The section by the plane y=Q is made up of the lines (y=Q,z—0), (#=0, w=0) each 
once, and of two conies, y=0, 

l^a 2 d 2 -6abcd+4ac*+tt 3 d-3bY)z 2 w 2 
+ 8(ad 2 -Sbcd+2c 3 )x 2 zw 
+ d 2 x 4 =0. 

131. There is not any nodal curve; b ! = Q. 

132. Cuspidal curve. The equations may be written 

3x 2 +12azw y 2xy+12bzw, y 2 + 12ezw 
2xy + 12bzw, y 2 +12czw, 12dzw 
Forming the equations 

(bd-c 2 ) . lUz 2 w 2 +2(dxy-cy 2 ) . 12^-^=0, 
(ad-bc) . lUz 2 w 2 + (Mx 2 -2cxy-by 2 ) . 12zw~~ 2xy 3 =Q, 

these are two quartic surfaces having in common the lines (y=Q, w = 0), (y=0, z — 0) : 
attending to the line (^=0, z=0) 9 this is on the second surface, an oscular line, 



z 



lSdx^y 3 '' on tlie first Slirface it is. a nodal line, the one tangent plane being 



Q(hl-c 2 )w.z+dxz.y=0, the other tangent plane being z=0, but the line being in 

regard to this sheet an oscular line, z—^^f. Hence in the intersection of the two 

surfaces the line counts (l + 3=)4 times; similarly the line y=0, w=Q counts 
(1 + 3=)4 times ; and there is a residual intersection of the order (16 — 4 — 4^)8, which 
is the cuspidal curve ; d = 8. 

133. The cuspidal curve is a system of 4 conies ; in fact from the preceding equations 
written in the forms 

(bd-c\ 2{dxy-cy% - y ^\2zw, 1) 2 ^0, 
{pd-lc, Ux 2 ~2cxy-by\ -2xy 3 %12zw, 1) 2 =0, 
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eliminating zw, we obtain 



( 3(bd-c% 
2(-a<P-3bcd+4:C 3 ), 
6(acd+b*d-2bc% 
6(bc—ad)b, 

a?d—b z , 



"5 



ix, y y=o, 



which shows that the cuspidal curve lies in 4 planes, and it hence, consists of four conies ; 
these are of course the reciprocals of the quadric cones which touch the cubic surface 
along the four conies which make up the spinode curve. 

134. The equation of the surface, attending only to the terms of the second order in 
y, 2, w, is 27d*$*zw=0 ; it thus appears that the point #=0, 3=0, w=0 (reciprocal of the 
plane X=0) (which is oscular along the axis joining the two binodes, or BB-axis) is a 
binode on the reciprocal surface, the biplanes being z=0, w=0, viz. these are the planes 
reciprocal to the binodes (X=0, Y=0, W=0) and (X=0, Y=0, Z=0) of the cubic 
surface; we have thus B'=l. 

It is proper to remark that the binode ^=0, 0=0, w=0 is not on the cuspidal curve, 
as its being so would probably imply a higher singularity. 

135. A simple case, presenting the same singularities as the general one, is when 
a=d, 5=e=0: to diminish the numerical coefficients assume a=d=j L $, the cubic 
surface is thus 12XZW+X 3 +Y 3 =0, and the equation of the reciprocal surface, mul- 
tiplying it by 4, becomes 



zh\f 



viz. this is the surface 



+ 6# Vw 8 

+ (9# 4 -12^>w 

— % 3 (o? 3 — y 3 )=0, 

— 4:y z x{x 1 + Bzw) 
+ zw( 3# 2 + £w) 2 = 

considered in the Memoir " On the Theory of Keciprocal Surfaces.'' The cuspidal curve 

is, as there shown, composed of the four conies 3/=0, Sa?-\-zw=0 and ^ 3 -— 2# 3 =0, 

% 2 —ziv=0; and it is there shown that the two points (#=0, ^=0, #=0), (^=0, 

# =0, w=0), each reckoned 8 times, are to be considered as off-points of the reciprocal 

surface. 

136. The like investigation applies to the general surface, and we have thus $ ; =16; 

the points in question are still the points (#=0, y=0, 2=0), (#=0, y=0, w=Q) ; viz. 
these are the points of intersection of the surface by the line (#=0, ^=0), which points 
are also the common points of intersection of the four conies which compose the cus- 
pidal curve, that is, they are quadruple points on the cuspidal curve ; it does not appear 

MDCCCLXIX. 2 S 
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that the points are on this account, viz. qua quadruple points of the cuspidal curve, off- 
points of the surface, nor does this even show that the points should be reckoned each 
8 times. As already remarked, the singularity requires a more complete investigation. 



137. 



Section X=12 — B 4 — C 2 . 
Equation WXZ + (X+Z)(Y 2 ~X 2 )=0. Article Nos. 137 to 143. 
The diagram of the lines and planes is 



' 




Lines, 
to to i— * to >— < CO o 




.X = 1 2 — - Jd^ — \J2* 


X 

II 
fcOf 


to 

X 
to 

II 


to 
X 

it 

00 


X 

II 

a 


X 

oo 

II 

CO 






3 
11' 

CO 

1 22' 
i — i 

3' 

l r 2' 


1X12 = 12 









• 







Biplane touching along axis, 
and containing edge. 


1X12=12 

2x 8 = 16 






e e 

















Other biplane. 




• 
• 
• 
• 

• 

e 








Planes each through the 
axis and containing a bi- 
planar ray and a cniono- 
dal ray. 


1X3=3 






« 









Plane touching along the 
edge and containing the 
mere line. 


1x2=2 
6 45 







e e 








Biradial plane through the 
two enicnodal rays. 


. 




Mere line, being a trans- 
versal. 


o 

o 

o 

as 

& 


Biplanar rays in the non- 
axial biplane. 


ra 

p CO 
co O 

8 cr 

CO t-<« 

&LP 

CD 

© 

Hi 

crq 


Axis, through the two 
nodes. 





138. The planes are 




X=0, 


[0] 


Z =0, 


[3] 


X-Y=0, 


[11'] 


X +Y=0, 


[22'] 


W=0, 


[3'J 


x+z=o, 


[i'2 f ; 



and the lines are 



X- 


=0, Y = 


= 0, 


(0) 


.A.— 


=0, Z = 


=0, 


(3) 


X-Y= 


= 0, Z = 


=0, 


(1) 


X+Y= 


=0, Z = 


=0, 


(2) 


X-Y= 


=0, w= 


= 0, 


(1') 


v i y- 


=0, w= 


=0, 


(2') 


x+z = 


=0, w= 


-o, 


(12) 
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139. The facultative lines are the edge counting twice, and the mere line ; 

£=b f =3; 1=1. 

140. Hessian surface. The equation is 

X(X+Z)(ZW + 3X 2 -XZ)+Y 2 (X-Z) 2 =0. 

The complete intersection with the surface consists of the line (X— 0, ¥=0), the axis, 
4 times; the line (X=Q, Z=0), the edge, 2 times; and a sextic curve, which is the 
spinode curve ; d = §. 

Writing the equations of the surface and the Hessian in the form 

X(ZW+Y 2 )-X 3 +Z(Y 2 ^X 2 )=,0, 
X(X+ZXZW+y 2 )+(Z-3X){~-X 3 +Z(Y^X 2 )}-0 5 
we see that the equations of the spinode curve may be written 

ZW+Y 2 =0, 
-X 3 +Z(Y 2 -X 2 )=0, 
viz. the curve is a complete intersection, 2x3. 

Y / Z \ 2 X /Z\l 

There is at B 4 a triple point ^= — ( w ) ? w= v W ) ' an ^' a ^ Q» a double point, the 

tangents coinciding with the nodal rays W=0, Y 2 — X 2 =0. 

The edge and the mere line are each of them single tangents of the spinode curve. 
But the edge counting twice in the nodal curve, its contact with the spinode curve will 
also count twice, that is, we have j3'=2.1+l, =3.. 

Reciprocal Surface. 

141. The equation is obtained by means of the binary cubic 

4^ 2 X(X+Z) 2 +4wZ(X+Z)(^X+^Z)+/XZ 2 ; 
or calling this (#)(X> 2) 3 , the coefficients are 

(12w 2 , 8w 2 +4w^, &w 2 +4:W%+4:Wz+y 2 , \2wz\ 
and thence the equation is found to be 

+16w 3 [2w-5z)f-2(w-2z)(^-zf] 
+ 8w 2 [y i +($ 2 --wz-{-6z 2 )y 2 ~-2%X%~-z) 2 ] 
+ 4w[(2^+3% 4 — 2%\x-\-z)if\ 

where the section by the plane w=0 (reciprocal of binode) is y A (y 2 —x 2 )=§) viz. this 
is the line w = 0, y=0 (reciprocal of the edge) four times, and the lines w=0, y 2 -~^ 2 =0 
(reciprocals of the biplanar rays). 

The section by the plane 2=0 is found to be (y 2 — w 2 )(y 2 + 4:MO + 4:W 2 ) 2 =0, viz. this 

Jj S A 
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is the two lines 2=0, f— x 2 =0 (reciprocals of the nodal rays), and the conic 2=0, 
f + i xw + 4w 2 = (reciprocal of the nodal cone WX + Y 2 - X 2 = 0) twice. 

142. Nodal curve. The equation shows that the line y =0, x-z=0 (reciprocal of the 
line W=0, X+Z=0) is a nodal line on the surface. 

It also shows that the line y=0, w=0 (reciprocal of the edge) is a tacnodal line 
(=2 nodal lines) on the surface; in fact attending only to the lowest terms in y, w, we 

have 

-a^[16(ar— 2)V+8(ar+2)«^"+y 4 ]=0, 

that is, 

£(x—z)w-\ — - -- ,- y =v> 

two values, w=Af, w—Bf, which indicates a tacnodal line. 

The nodal curve is thus made up of the line y=0, x— 2=0 once, and the line y=0, 
w=0 twice; V = 3. 

143. Cuspidal curve. The equations 

12w 2 8w 2 +4«, Ivf+iwx+iwz+f 

8w 2 +4:wx, Avf+iwx+favz+y*, 12wz 

give 

(4w + 2#) 2 - 3(4w 2 + 4wa?+ 4w2+y 2 ) = 0, 

— 36w 2 2+(2w+^)(4w 2 +4w^+4w2+y 2 )=0, 

or, as these are more simply written, 

4w 2 + 4wx — 12wz+4:x 2 -3tf=0, 
8tv s +12w*x- 28w 2 2+w(4« 2 + ixz+2y*)+xf 

so that the cuspidal curve is a complete intersection 2x3; c'=Q. 
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DGCtlon j\.)lzzz±2i — J3g. 
Equation WXZ+Y 2 Z+X 3 — Z 3 =0. Article Nos. 144 to 149. 
144. The diagram of the lines and planes is 
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X=0 3 


1X30= 
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Ordinary biplane. 
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• • 
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Rays in the ordi- 
nary biplane. 


OQ 
© 

« 





where the equations of the lines and planes are shown in the margins of the diagram. 

145. The edge is a facultative line counting 3 times; this will appear from the dis- 
cussion of the reciprocal surface. Therefore ^=#'=3; j?=1. 

146. Hessian surface. This is 

Z(WXZ+Y 2 Z-~3X 3 -3Z 3 )=0, 

breaking up into Z=0, the oscular biplane, and into a cubic surface (itself a surface 
XI=12— B 6 ). The complete intersection with the cubic surface is made up of the line 
X=0, Z=0 (the edge) six times, and of a residual sextic (=3 conies), which is the 
spinode curve ; e'=6. 

The equations of the sextic are in fact XZ+Y 2 =0, X 3 +Z 3 =0, so that this consists 
of three conies, each in a plane passing through the edge. 

The edge touches each of the three conies at the point X=0, Z=0, Y=0; but it 
must be reckoned as a single tangent of the spinode curve, and then counting it three 
times, /3'=3. 
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'Reciprocal Surface. 
147. The equation is obtained by means of the binary cubic 

(12w 2 , 4*w, f + im, -12w 2 XZ, X) 3 , 



* * 



viz. it IS 



432w 6 
+72?^(4^(;+^ 2 ) 

— 64wV 

—z 2 (&ww+fy=o !) 

or, completely developed, it is 

to 6 . 432 
+w 4 . 28te 
+w 3 . 72^+64^ 3 -64^ 3 

+^ 2 . 4&&Y— i6#v 

+w . 12^j/ 4 ~- 8#yV 

the section by the plane w—0 (reciprocal of B 6 ) is w=0, # = (reciprocal of edge) four 
times, together with w=0 5 y 2 — z 2 -=^Q, reciprocals of the two rays. 

148. The nodal curve is the line y=0, w=0 (reciprocal of edge counting as 3 lines) ; 

5'= 3. In fact the form of the surface in the vicinity is given by w=~-r~y 2 + \\f 

viz. there are two sheets osculating along the line in question, that is intersecting in 
this line taken 3 times. 

149. For the cuspidal curve we have 

12w 2 , 4.zw, y*+4:£W =0. 
&zw, # 2 +4ot, — 12w 2 

12%w+3f -42j a =0, 
36w 3 -\-&tvxz-{-y 2 z=Q; 

or multiplying the first by 8z and subtracting the second, we have 108w 3 +43 3 =:0. 
Hence the equations are 

£ 3 +27w 3 =0 ? 

12ot;+3j/ 2 -4£ 2 :=0, 

viz. the cuspidal curve is made up of three conies lying in planes through the line 0=0, 
w=0. 






giving 
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The curve may be put in evidence by writing the equation of the surface in the form 

(8f+5z 2 +12xw, 242, W%3f-4:z 2 -i-l2ww; z 3 +27w 3 f=Q, 

lQ(3f+5z 2 +12xw)-lUz 2 =16(3f-4:Z 2 +12xw). 



where 



Section XII=12-U 6 . 
Equation W(X+Y+Z) 2 +XYZ=0. Article Nos. 150 to 156. 
150. The diagram of the lines and planes is 
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151. The planes are 




The lines are 




X+Y+Z=0, 


[0] 


X=0, Y +Z =0, 


(1) 


X=0, 


[1] 


Y=0, Z +X=0, 


(2) 


Y =0, 


[2] 


Z=0, X+Y=0, 


(3) 


Z =0, 


[3] 


x=o, w=o, 


(1') 


W=0, 


[ '2'3'] 


y=0, W=0, 


(2') 






z=o, w=o, 


3') 



152. The three mere lines are each facultative : g/=y=3; if=l. 

153. Hessian surface. The equation is 

(X+Y+Z) 2 (X 2 +Y 2 +Z 2 -2YZ-2ZX-2XYy=0 5 
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viz. the surface consists of the uniplane X+Y+Z=0 twice, and of a quadric cone 
having its vertex at U 6 , and touching each of the planes X=0, Y=0, Z=0. 

The complete intersection with the cubic surface is made up of the rays each twice 
and of a residual sextic, which is the spinode curve; c'=6. 

The equations of the spinode curve are 

W(X+Y+Z) 2 +XYZ=0, 
X 2 +Y 2 +Z 2 ~~2YZ~2ZX-2XY=:0 5 

viz. the curve is a complete intersection, 2x3. 

Each of the mere lines is a single tangent (as at once appears by writing for instance 
W=0, X=0, which gives (Y-Z) 2 =0); that is, ]3' = 3. 

Reciprocal Surface. 
154. The equation is found by means of the binary cubic 

4(T-^U)(T-yUXT-«U)+wT 2 U 5 



viz. writing for shortness 



then the cubic function is 



y -=zyz -f- ZX + OMji 

tA/liZ^ 



(12, w-4/3, 4y, -12§XT, U) 3 , 
and the equation of the reciprocal surface is found to be 

432B 2 





+ 64y 3 






— (w- 


-4/3) 3 S 




+ 72 (w- 


~4|3)y£ 




— (w- 


-4/3)y=0; 


w d . • 


-& 





expanding, this is 

+W 2 .12jSS — y 9 

+ 8w . — 6j3 2 J5+j3y 2 +9yeJ 

+ 16(4/3 S S— /3V — 18/3y5+4y 3 +278 9 ) = ; 

or substituting for j3, y, <5 in the first and last lines, this is 

iv* . —osyz 
+w a .(12/3&-y s ) 

+ 8w. — 6/3 2 S+j3y 2 4*9y§ 

+ 16(y— 2) 2 (£— ^) 2 ($~ yf=0 

(where j3, y, S=a?+y+^5 y2+3a?+#y, ^F)* The section by the plane w=0 (reciprocal 
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4y 
12& 



o, 



of the unode) is made up of the lines w=0, y~z=0; w = Q 9 z—w~0; w=0, w—y=Q 
(reciprocals of the rays) each twice. 

155. The nodal curve is at once seen to consist of the lines (y=0, 2=0), (2=G, #=0), 
(#=0, y=Q) 9 reciprocals of the facultative lines; in fact, in regard to (y, z) conjointly 
y is of the order 1, and I is of the order 2 ; hence every term of the equation is of the 
order 2 in y, z; and the like as to the other two lines: V= 3 as above. 

156. For the cuspidal curve we have 

12 , w— 4/3, 

to — 4/3, 4y , ■ 
or say 

48y-(w-~4)3) 2 =r0, 

36£ + y(w- 4j3) = 0, 

whence the cuspidal curve is a complete intersection 2x3; d = %. 

Section XIII =12— B 3 -~ 2C 2 . 

Equation WXZ+Y 2 (Y+X+Z) = 0. Article Nos. 157 to 164. 

157. The diagram of the lines and planes is 
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158. The planes are 

X=0, 

Y =0, 

Y, "V" 
Y + Z : 



o, 

0, 



Y -W=0, 

X+Y+Z=0, 

w=o, 



[1] 

[2] 
[056] 

[5] 
[34 



The lines are 




X V 


(5) 


Z =0, Y =0, 


(6) 


Y =0, W=0, 


(0) 


X=0, Y+Z=0, 


(1) 


Z =0, Y+X=0, 


(2) 


■W=Y=-Z, 


(3) 


■^y_Y— X 


(4) 


W=0;X+Y+Z=0, 


(012) 



159. The transversal is facultative ; g'=b' = l, t'=0. 

160. The Hessian surface is 

WXZ(3Y+X+Z)+Y 2 (Z-X) 2 =0. 

The complete intersection with the surface is made up of the line Y= 
3 times; the line Y=0, Z=0 (CB-axis) 3 times; line Y=0, W: 
and of a residual quartic, which is the spinode curve; <r'=4. 

161. Representing the two equations by U = 0, H=0, we have 



0, X=0 (CB-axis) 
(CC-axis) twice, 



and 



but 



(3Y+X+Z)U-H=Y 2 (3Y 2 +4YX+Z+4XZ), =MY 2 suppose, 

27(X+Z)U+9H=9WXZ(3Y+4X+4Z) + 36Y 2 (X 2 +XZ+Z 2 ) + 27Y 3 (X+Z); 

(_9(X+Z)Y + 16XZ)M = 

64X 2 Z 2 +28YXZ(X+Z)-Y 2 (36X 2 +28XZ+36Z 2 )~27Y 3 (X+Z), 



whence 



27(X+Z)U+9H+(-9X+ZY+16XZ)M 

=ZX{12Y 2 +28YX+Z+64XZ + 9W(3Y+4X+4Z)}; 
or, as this may also be written, 

27Y 2 (X+Z)U +9Y 2 H 



+(-9YX+Z+16XZ)(3Y+X+Z)U 



+ (9YX+Z-16XZ)H ; 



that is. 



{-9Y(X+Z) 2 +48YXZ + 16XZ(X+Z)}U+{9Y 2 +9YX+Z-16XZ}H 



=Y 2 ZX{12Y 2 + 28YZ+X+64XZ + 9W(3Y+4X+4Z)}=0; 

and we thus obtain the equation of the residual quartic, or spinode curve, in the form 

3 Y 2 + 4Y(X + Z) + 4XZ = 0, 
12Y 2 +28Y(X+Z)+64XZ+9W(3Y+4X+4Z)=0. 

The spinode curve is thus a complete intersection, 2x2; and since the first surface is a 
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cone having its vertex on the second surface, we see moreover that the spinode curve is 
a nodal quadriquadric. Instead of the last equation we may write more simply 

4Y(X+Z)+16XZ+3W(3Y+4X+4Z)=0. 

The equations of the transversal are W=0, X+Y+Z — O, and substituting in the 
equations of the spinode curve we obtain from each equation (X— Z) 2 =0, that is, the 
transversal is a single tangent of the spinode curve; j3'=l. 

'Reciprocal Surface. 

162. The equation of the cubic is derived from that belonging to VI==12 — B 3 — C 3 
by writing therein a=J=G, c=^ 9 d=l. Making this change in the formulae for the 
reciprocal surface of the case just referred to, we have 

L =y 2 + 4(x+z)tv^ 

M.=2x(y + 2w), 

N=-4ff% 

P = 16x 2 (y+w — x— z) ; 

and substituting in the equation 

L 2 P + 82M 3 - 9^LMN ~ 2 lz 2 wW = 0, 

the equation divides by x 2 ; or throwing this out, the equation is 

(y 2 + 4xw + 4zw) 2 {y -\-iv—x—z) 

— 8xz(y+2wf 

+ 9xz(y 2 + 4xw + 4zw)(y + 2w) 

— 27#Vw = 0; 



reducing, this is 



4 



w 3 . 16(x—z) 2 
+w 2 { y 2 (x J rz) 

+ 2y(x 2 —4xz+z 2 ) 
-\-(x+z)(2x-—z)(—x-\-2z) 

+w [ y 4 

+ %y\x + z) 
-2y 2 (4x 2 + 23xz+4z 2 ) 
-±-36xyz(x-\-z) 

-27x 2 z 2 

The section by the plane w = (reciprocal of B 3 ) is w = 0, #=0 (the edge) 3 times; 
and iv—Q,y--x=0; w — 0,y—z=0 (reciprocals of the CB-axes). 

163. Nodal curve. This is the line y~x=z; wherefore # = 1. To put the line in 

2 t2 
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evidence, write for a moment %—y + ct, z=y-\-y, then the equation is readily converted 

into 

W 3 . 16(a — y) 2 

+W 2 f— y(&? — 4#y-f-y 2 ) 1 

( + (a+yX2a-yX- a + 2 7)I 

+wf y\<£— 10ay+y 2 ) 1 
< — 18^7(^+7) 

fc -27«y 

which, each term being of the second order in «, y(=x~y, z—y) respectively, exhibits 
the nodal line in question. 

164. Cuspidal curve. Multiplying by 27, the equation may be written 



where 



—20f+2fyx+z—27xz--8p[)+16w*y=Q, 



&v(7y~3w-3z—5iv)+(-y + 6wf=y 2 +16yiv-12(x+z^ 
and we have thus in evidence the cuspidal curve, 

y 2 + lQyw— 12(#+2)w + 16w 2 =Q ? 
~20y 2 +2iy(x+z)-27xz--8yiv + 16w 2 ==Q, 
which is a complete intersection, 2x2, or quadriquadric curve; c/~4. 
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Section XIV=12-B 5 -C 2 . 
Equation WXZ+Y 2 Z+YX 2 =0. Article Nos. 165 to 171 
165. The diagram of the lines and planes is 
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where the equations of the planes and lines are shown in the margins. 

166. The edge is a facultative line, as will appear from the discussion of the reci- 
procal surface : g f = b f =zl; t f =:0. 

167. Hessian surface. The equation is 

WXZ 2 +Y 2 Z 2 -3X 2 YZ+X 4 ^0. 

The complete intersection with the surface is made up of the lineX=0, Y=0 (the axis) 
5 times, the line X=0, Z=0 (the edge) 4 times, and a skew cubic, the equations of 
which may be written 

X, Y, W =0. 

4Z, X, -5Y 

In fact from the equations U=0, H=0 we deduce H— ZU=X 2 (X 2 — 4YZ) = 0; and if 
in XJ=0 we write X 2 =4YZ, it becomes Z(XW+5Y 2 )=0 ; and then in 5U=:0 5 writing 
5Y 2 = — XW, we have 

5WXZ+Z(-XW)+5X 2 Y=X(5XY+4ZW)=:0. 

168. I say that the spinode curve is made up of the edge X=0, Z=0 once, and of 
the cubic curve ; and therefore <r f = 4. 
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In fact in the reciprocal surface the cuspidal curve is made up of the skew cubic, and 
of a line the reciprocal of the axis, being a cusp-nodal line, and so counting once as part 
of the cuspidal curve : the pencil of planes through the line is thus part of the cuspidal 
torse ; and reverting to the original cubic surface, we have the axis as part of the spinode 
curve : I assume that it counts once. 

The edge is a single tangent of the spinode curve; j3'=l. 

Reciprocal Surface. 
169. The equation is obtained by means of the binary cubic 

iw7J(Xx+Zz)+X(YZ-wX)\ 
or, as this may be written, 

(3w 2 , —2yw 9 y 2 -\-ixw> Vizw^X^ Z) 3 . 
The equation is in the first instance obtained in the form 

108wV 

— SZw'fz 

+ 36w 4 yz(y 2 -{~&xw) 
+ w 2 (y 2j r4:xwf 

— iv 2 y 2 (y 2 + 4:Mv) 2 = ; 

but the last two terms being together = 4:W 3 x(y 2 + 4:Xw) 2 , the whole divides by iw\ and it 

then becomes 

27wV 

— 8wy 3 z 

+ 9wyz(y 2 -\-4:Xw) 
+ x(y 2 +4:xw) 2 =0; 

or, expanding, it is 

w\27z 2 

+ID 2 . ?>&xyz-{-l§x z 
+w . y*z\- Sx 2 y 2 

+ %y 4 = 0. 

The section by the plane w=0 (reciprocal of B 6 ) is w=0, y=0 (reciprocal of edge) 4 
times, together with w — 0, x~0 (reciprocal of biplanar ray). 

The section by the plane 3—0 (reciprocal of C 2 ) is #(^ 2 +4w) 2 — 0, viz. this is 
%z=. 0,y 2 -\-4:XW = (reciprocal of nodal cone) twice, together with z=0, #=0 (reciprocal 
of nodal ray). 

170. Nodal curve. This is the line w = 0, y=0, reciprocal of edge. The equation in 



the vicinity is y= — ■^w±\/ — -q-i wf, showing that the line is a cusp-nodal line count- 
ing once in the nodal and once in the cuspidal curve: wherefore V=l. 
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171. Cuspidal curve. The equation of the surface may be written 

(#> — y> 3w%12ww~- y 2 , 9zw + 8wyf=0, 

where 4#. 3w—y 2 =12ocw — y 2 . This exhibits the cuspidal curve \2xw-— # 2 ~0, 
9zw + 8xy=0, breaking up into the line w=0, y=0 (reciprocal of edge) and a skew 
cubic ; the line is really part of the cuspidal curve, or £ , =4. 

The equations of the cuspidal cubic may be written in the more complete form 



12#, y, z 

y, w, — 8x 



= 0. 



Section XV = 12 -XL. 



Equation WX 2 +XZ 2 +Y 2 Z=:0. Article Nos. 172 to 176, 
172. The diagram of the lines and planes is 
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where the equations of the lines and planes are shown in the margins. 

173. The mere line is facultative: ^=U=1 ; tf — O. 

174. The Hessian surface is 

X 2 (XZ-Y 2 )=0, 

viz. this is the uniplane X~0 twice, and a quadric cone having its vertex at U 7 . 

The complete intersection with the surface is made up of X~0, Y~0 (torsal ray) 
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6 times ; X~0, Z=0 (single ray) 2 times ; and of a residual quartic, which is the spinode 
curve; <r ; = 4. 

The equations of the spinode curve are XZ~-Y 2 =0, XW+2Z 2 =0; the first surface 
is a cone having its vertex on the second surface ; and the curve is thus a nodal quadri- 
quadric. 

The mere line is a single tangent of the spinode curve; ^3 f = l. 

Beciprocal Surface. 

175. The equation is obtained by means of the binary cubic 

(-3/, 2yz, 4xw, 6ywJX, Y) 3 , 

viz. throwing out the factor y, the equation is 

w%-Mx 3 )+w(-16x 2 z 2 +72xfz+27f)+16fz s ==:0. 

The section by the plane w=Q (reciprocal of XJ 7 ) is w=0, z=0 (reciprocal of torsal 
ray) three times, and w=0, y=0 (reciprocal of single ray) twice. 

Nodal curve. This is the line #=0, y=0, reciprocal of the mere line : b f ~l. 
Cuspidal curve, The equation of the surface may be written 

(64#, —16s, —3w%s?+3mv, 9f + 4zx)*=0, 
where 

4:.64x(-Sw)-256z 2 =-256(z 2 + Sxw). 

This exhibits the cuspidal curve z 2 -\-3$w=0, 9y 2 -\-4:ZX=Q, where the surfaces are each 
of them cones ; the vertex of the second cone is on the first cone, and the two cones have 
at this point a common tangent plane ; the curve is thus a cuspidal quadriquadric. 

176. [The equation 

(64#, -16s, —3w%z*+Sxw 9 % 2 +4^) 2 =0 
resembles that of a quintic torse, viz. the equation of a quintic torse is 

( #, -4s, 8wjz*-2wx 9 f-~2zx) 2 =0, 
which equation, writing 9y for y, —2x for #, and \w for w, becomes 

(_2#, -iz, 6w%z 2 +3xw, 9f+4.zx) 2 =G, 
or, what is the same thing, 

( x, 2z, — Sw^Jjf+Zxw, 9y 2 +4^) 2 ==0; 
and developing, this is 



x 3 . w 2 



+# 2 . —2z 2 w 

+a\ — IS^zw+z 4 

-27fw+2fz s =Q, 

which, however, differs from the equation .of the reciprocal surface, not only in th 
numerical coefficients, but by the presence of a term xz 4 .~] 



e 
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Section XVI =12— 4C 2 . 
Equation W(XY+XZ+YZ)+XYZ=0. Article No. 177 to 180. 
177. The diagram of the lines and planes is 







XXX 


H 


X 


H N 


H 


fca 






— |— wX*» **|w 


II 


II 


It II 


II 


II 






^ t>2 K 


p 


p 




o 


o 






II I! II 

^qp ^> j^ 


II 


CSS 
II 


3 N 

II 11 


3 

II 


II § 






M K ^ 


o 


o 


o o 


o 


o m 

© 


' 




— | — — | — — | — 














N 3 3 
















II II II 
















o o o 
















J"p4 |wwl |^4 
















tp*. Q5 fc© 
















b b b 


CO 


'to 


^^ Jmwi 1 


H 


ho* 


1 




CO *K IS** 


||X 


*» 


CO #* 


CO 


t>e 




<Oi CO 






o> 








i 

1 


XVI=12-4C 2 . 


X 

I! 






X 

ft 








! 

1 

f 




SI ** 














1 Planes are 
















„ 


z + w=o 


12 




• 










• • 




Y-fW=0 


13 




• 








• • 






Y+Z =0 


14 


6x2=12 


• 






• • 






Planes each touching along 
an axis, and containing 
a transversal. 


X -|- W =G 


23 




• 






• • 






X +Z =0 


24 




* 




• • 










X 4-Y =0 

x=o 


34 
1 




• 


• * 










n 






• 


• 


• 
















• 


• 


• 








Y=0 


2 






• 




• 


• 




~ 






4x8=32 




• 




• 


• 




Planes each through three 


Z =0 


3 








• 
• 


• 
• 




• 
• 


axes* 


w=o 


4 










• 


• 


• 




X-fY+Z-fW=0 


1234 










* 


• 


• 




lxi= 1 


• • • 
- • • • 












Plane through the three 


, 


! 

i 


11 45 


• • • 












transversals. 






H 






y»- 












© «! p 












; 






^ ® ^ 






O ca 












*& m 22 






O lt 












O g> ^ 






©. © 








: 




DB h2 






P P 




1 


■ 




M» *^ 






o 












© P P 


















P M QQ 

«1» 






pr* 












w^ P 






o 












© ©, 

Cf- 






cm 












2. H» 






«r*" 












<-*- s 






S3 












S3 t> 






o 












o « 















where the equations of the lines and planes are shown in the margins. 

178. The transversals are each facultative: ^=l ! =3; tf=l. 

179. Hessian surface. The equation is 



4XYZ W - (X + Y + Z + W)( WXY + WXZ + WYZ + XYZ) = 0, 



MDCCCLXIX. 
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or, what is the same thing, 

X 2 (YZ +YW.+ ZW) 

+Y 2 (ZW + ZX +WX) 
+Z 2 (WX+WY+XY) 
+W 2 (XY +XZ +YZ )=0. 

The complete intersection with the cubic surface is made up of the six axes each twice, 
and there is no spinode curve; <r f =0, whence also j3 ; =0. 

Beciprocal Surface. 
180. The equation is immediately obtained in the irrational form 

\/% + s/y + s/z + \Afl = 0) 
or rationalizing, it is 

(x 2 +y 2 + z 2 -f w 2 —2yz — 2zx— 2xy— 2xw — 2yw — 2zw) 2 — Mxyztv = ; 

so that this is in fact Steiner's quartic surface. 

Nodal curve. This consists of the lines %— y=Q, z—w=0; x—z=0, y—w=0; 
%—wz=:{),y—z=§; so that b f =3. 

To put anyone of these, for instance the line x — y=0, z—w — 0, in evidence, we may 
write the equation of the surface in the form 

\i x ~ yf+iz—wf— 2(x+y)(z+wJ] 2 -- 64:%yzw=0, 
that is 

\{oc-yf+{z-w) 2 } {{x— yy+(z-w) 2 -4:(x+y)(z+w)} 

+ £[(w+y) 2 (z+w) 2 —lQ%yzw]==0, 
or finally 

+4{(#— y) 2 {z— w) 2 +ixy{z— w) 2 +4:zw(x— y) 2 }=0, 

where each term is at least of the second order in x— -y, z—w. 
There is no cuspidal curve; ^=0. 
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Section XVII=12-2B 3 -C 2 . 
Equation WXZ+XY 2 +Y 3 =0. Article Nos. 181 to 185. 
181. The diagram of the lines and planes is 
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where the equations of the lines and planes are shown in the margins. 

182. There is no facultative line; b l =^ l = 9 t'=0. 

183. The Hessian surface is 

X(WXZ+3YZW+XY 2 ) = 0, 

viz. this breaks up into X=0 (the common biplane), and into a cubic surface. 

The complete intersection with the cubic surface is made up of X=0, Y=0 (BB-axis) 
4 times, of Y=0, Z=Q and Y~0, W~0 (CB-axes) each three times ; and of a residual 
conic, which is the spinode curve; c ; =2. The equations of the spinode curve are 
Y 2 — 3ZW=0, 4X+3Y=0; viz. it lies in a plane passing through the BB-axis; since 
there is no facultative line, j3'=0. 

2u2 
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Reciprocal Surface. 

184. The equation is found to be 

(y 2 + izw) 2 — xtf — 3 Qwyzw + 2 7% 2 ziv = 0, 
or say this is 

16z 2 w 2 +(8y 2 ~3Qxy+27% 2 )zw+y%y-%)=Q. 

The section by plane w=0 (reciprocal of B 3 =D) is w=0 ? y\y— %)=0, viz. this is the 
line w=Q, y=0 (reciprocal of edge) 3 times, and the line w~0, y~ %=0 (reciprocal of 
ray) once ; and the like as to section by plane z=0. 

The section by plane #=0 (reciprocal of C 2 =A) is #=0, (y 2 + 4:Zw) 2 =Q, viz. this is 
the conic (reciprocal of nodal cone) twice. 

There is no nodal curve; b f =0. 

185. Cuspidal curve. The equation of the surface may be written 

(1, -y, 3zivjg 2 ~12zw, 9tf-8y) 2 =0, 

where 4:.! .3zw—y 2 =--(y 2 —I2zw); and there is thus a cuspidal conic y 2 ~12zw~0, 
9#— 8^=0: wherefore 6 ; = 2. 

Attending only to the terms of the second order in y, z, w, the equation becomes 
x 2 zw=0; that is, the point y=0, z=0, w=0 (reciprocal of the common biplane) is a 
binode of the surface; or there is the singularity B'=l. 
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Section XVIII=12— B 4 — 2C 2 . 

Equation WXZ+Y 2 (X+Z)=0. Article Nos. 186 to 189, 
186. The diagram of the lines and planes are 
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where the equations of the lines and planes are shown in the margins. 

187. The mere line is facultative ; the edge is also facultative counting twice (this 
will appear from the discussion of the reciprocal surface): y=^' = 3, # = 1. 

188. The Hessian surface is 

(X + Z) WXZ + (X - Z) 2 Y 2 = 0. 

The complete intersection with the cubic surface is Y=0 ? Z=0 and Y=0, X=0 
(the CB-axes) each 4 times; Y=0, W=0 (BB-axis) twice; and X=0, Z=0 (the edge) 
twice. There is no spinode curve, o-'^O ; wherefore also /3'=0. 

Reciprocal Surface. 

189. The equation is obtained from the binary quadric 4:w(X+Z)(Xx + Zz)+fXZ, or 



say 



(8w#, &w(x+z)+f, 8ivzX%., Z) 2 . 
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The equation is thus 
or in an irrational form 



(f+&w$+4wzy— 64w 3 #3=0 : 



iy+2\/ww+2 s /wz~Q. 

The section by the plane w=0 (reciprocal of B 4 ) is w=0, y=0 (reciprocal of edge) 
4 times. 

The section by the plane z=0 (reciprocal of C 2 =C) is ^=0, y 2 +iww =0 (reciprocal 
of nodal cone) twice; and similarly for the section by #=0 (reciprocal of C 2 =A). 

Nodal curve. Writing the equation in the form 

y*+8wy 2 (z+cc)+16w 2 (x-z) 2 =0, 

we have a nodal line y=0, x— z=0, reciprocal of the mere line : 
And writing the equation in the form 

we have y=0, w=0 (reciprocal of edge), a tacnodal line counting as two lines ; b f =3. 
There is no cuspidal curve; c f = 0. 

Section XIX=12— -B 6 — C 2 . 

Equation WXZ+Y 2 Z+X 3 =0. Article Nos. 190 to 193. 
190. The diagram of the lines and planes is 
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where the equations of the lines and planes are shown in the margins. 

191. The axis is a facultative line counting 3 times (as will appear from the reciprocal 
surface); g/=&'=3, V=l* 
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192. The Hessian surface is 

Z(WXZ+Y 2 Z~3X 3 )=0, 

viz. this is the oscular biplane Z = and a cubic surface. 

The complete intersection with the cubic surface is made up of X=0, Z=0 (the edge) 
6 times, and X=0, Y=0 (the axis) 6 times. There is no spinode curve, o*=0; 
whence also (3'=0. 

Reciprocal Surface. 

193. The equation is at once found to be 

The section by the plane w=0 (reciprocal of B 6 ) is w=0,y=0 (reciprocal of edge) 
4 times. The section by the planer =0 (reciprocal of C 2 ) is ^=0, # 2 -f &%w=0 (reciprocal 
of nodal cone) twice. 

Nodal curve. The equation gives 



£2 



_1 

4% 



showing that the line ^=0, ^=0 (reciprocal of edge) is an oscnodal line counting as 3 
lines; #'=3. 

There is no cuspidal curve ; c ! =0. 

Section XX=12 — U 8 . 
Equation X 2 W+XZ 2 +Y 3 =0. Article Nos. 194 to 197. 
194. The diagram of the lines and planes is 
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where the equations of the line and plane are shown in the margins. 

195. There is no facultative line; b f =fJ=0, H=Q. 

196. The Hessian surface iaX a Y=0, viz. this is the uniplane X=0, 3 times, and the 
plane Y=0 through the ray. The complete intersection with the cubic surface is made 
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up of X=0, Y=0 (the ray) 10 times, and of a residual conic, which is the spinode 
curve; a* = 2. 

The equations of the spinode conic are Y— 0, XW-fZ 2 =0, viz. the plane of the conic 
passes through the ray. Since there is no facultative line, j3' = 0. 

'Reciprocal Surface. 

197. The equation is at once found to be 

27(z 2 +4:%wy~Q4:W 3 y=:0. 

The section by the plane w=0 (reciprocal of the Unode) is io=0, 2=0 (reciprocal of 
ray 4 times. 

There is no nodal curve ; h'=:Q. But there is a cuspidal conic, #=0, z 2 + 4:XW=0. 

The point y=0, 3=0, w=Q (reciprocal of the uniplane X=0) is a point which must 
be considered as uniting the singularities B' = l, %'=2. 

I give in an Annex a further investigation in reference to this case of the cubic 
surface. 

Section XXI=12-3B 3 . 

Equation WXZ+Y 3 =0. Article Nos. 198 to 201. 

198. The diagram of the lines and planes is 
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where the equations of the lines and planes are shown in the margins. 

199. There is no facultative line; g ! =h ! — 0, ^=0. 

200. The Hessian surface is XYZW=0, the common biplane and the other biplanes 
each once. The complete intersection with the surface consists of the axes each 4 
times ; there is no spinode curve, c' — O ; whence also /3' = 0. 
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Beciprocal Surface. 

201. This is 27 $zw— # 3 =0, viz. it is a cubic surface of the form XXI =12- 
There is no nodal curve, #'=(), and no cuspidal curve, c f =0. Moreover B' 



0J3g. 



= 3. 



Synopsis for the foregoing sections. Article No. 202. 

202. I annex the following synopsis, for the several cases, of the facultative lines (or 
node-couple curve) and of the spinode curve of the cubic surface ; also of the nodal 
curve and the cuspidal curve of the reciprocal surface. It is to be observed that in 
designating a curve, for instance, as 18=4x5—2, this means that it is a curve of the 
order 18, the partial intersection of a quartic surface and a quintic surface, but without 
any explanation of the nature of the common curve 2 which causes the reduction, viz. 
without explaining whether this is a conic or a pair of lines, and so in other cases ; this 
may be seen by reference to the proper section of the Memoir. 
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Nodal curve. 
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Cuspidal curve. 
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7 =5+ edge twice 


27 
15 
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I pass now to the two cases of cubic scrolls. 

MDCCCLXIX. 2 X 
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Section XXII=S(l r 1). Equation X 2 W+Y 2 Z=0. Article No. 203. 

203. As this is a scroll there is here no question of the 27 lines and 45 planes; there 
is a nodal line X=0, Y=0, (b = l) and a single directrix line, Z=0, W=0. 

The Hessian surface is X 2 Y 2 =0 ; the complete intersection with the cubic surface is 
made up of X^O, Y=0 (the nodal line) 8 times, and of the lines X— 0, Z=0, and 
Y=0, W=0, each twice. 

The reciprocal surface is % 2 z—y 2 w=0; viz. this is a like scroll, XXII=S(i ? 1); 
</=0, b'=l. 



Section XXIII=S(1, 1). Equation X(XW+YZ)+Y 3 =0. Article No. 204. 

204. This is also a scroll; there is a nodal line X=0, Y=0, and a single directrix 
line united therewith. 

The Hessian surface is X 4 =0; the complete intersection with the cubic surface is 
X=0, Y — (the nodal line) 12 times. 

The reciprocal surface is w(wv+yz)—2?=0 ; viz. this is a like scroll, XXIII = S(17l ) ; 
d=0, V=l. 

Annex containing Additional Researches in regard to the case XX=12 — U 8 ; equation 

WX 8 +XZ 2 + Y 8 =0. 

Let the surface be touched by the line (a, b, c,f, g, A), that is, the line the equations 
whereof are 

( 0, h, -g, a XX, Y, Z, W)=0. 
-h, 0, /, b 

g> -/» o, c 

—a, .—b, —c, 

Writing the equation in the form cW. cX 2 H-X(cZ) 2 + c 2 Y 3 =0, and substituting for 
oW, cTi their values in terms of X, Y, we have 

(-#X+/Y)cX 2 +X(aX+6Y) 2 +c 2 Y 3 =0, 
that is 

{a 2 -eg, 2ab + cf, b\ c%X, Y) 3 =0, 
or say 

{3(a?-cg), 2ab+cf, b\ 3c%X, Y) 3 =0, 

viz. the condition of contact is obtained by equating to zero the discriminant of the 
cubic function. We have thus 

27 c^-cgf 
+ 4:b%a 2 —cg) 
+ Ac*(2ab + cf) 3 
— b i (2ab+cff 
-Ub 2 c 2 (a 2 -cg)(2ab+cf)=^0, 
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viz. this is 



+ 27«V 
— 4a 3 5 3 



+ 30a 2 6 2 c/ 
— 54a V^ 
+ SQab^cg 
+ 24abc*f 
+ U 5 h 
- lb 4 / 2 
+18b*c 2 fg 

+ 27 cy 

+ 4c 3 / s =0, 

which is the condition in order that the line (a, b, c, f, g, k) may touch the surface 
X 2 W+XZ 2 +Y 3 =0; and if we unite thereto the conditions that the line shall pass 
through a given point (a, )3, <y, &), we have in effect the equation of the circumscribed 
cone, vertex (a, /3, y, 5). 

Writing (f\ g, h, a, b, c) in place of (a, b, c, f, g, h), we obtain 

27 fh? 

— 4/y 

+ S0fyha 

-5ifh 3 b 

+ 36 fg 3 hb 

+ 2ifgh 2 a 2 

+ 4 g*c 

— lg*a 2 

+l$g 2 h?aZ> 

+ 27 A 4 / 2 

+4AV=0 
as the condition that the line (a, b, c, f, g, h) shall touch the reciprocal surface 

27(4#w+z 2 ) 2 +64# 3 w=0 ; 
ana if we consider a, #, <?,/", g,h as standing for 

yy—fiz, az—yx, fix— ay, Ix—uw, ty—(Sw, iz—yw, 
values which satisfy the relation 



( o, 


h, -g, 


a 


X«, ft y, &) = 0, 


-h, 


o, /; 


b 




g> 


-/, o, 


a 




— a > 


— b, -c, 
2x2 
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then the equation in (a, #, <?, f\ g, h) is that of the circumscribed cone, vertex (a, j3 9 y, 8) ; 
the order being (as it should be) a'=6. 

The cuspidal conic is #=0, 4arc0+3 2 =O, and we at once obtain a 2 —ieg=0 as the 
condition that the line (a, h, c, f, g, h) shall pass through the cuspidal cone. Hence 
attributing to (a, b, c, /, g> h) the foregoing values, we have 

a 2 — 4tcg=0 

for the eqution of the cone, vertex (a, j3, y, &), which passes through the cuspidal conic; 
this is of course a quadric cone, d=2. I proceed to determine the intersections of the 
two cones. 

Eepresenting by 0=0 the foregoing equation of the circumscribed cone, and putting 

for shortness 

X= 27h\f - bh) - 2g 2 (2fg + ah), 

I find that we have identically 

- (/■ - M)X + (# 4 - iah B - 8/yA 2 )(« 8 - %) 

-(32ffih+16agh*)(af+bg+ch)=0: 

whence in virtue of the relation af-\-bg+ch^z0, we see that the equations 0=0, 
a 2 —4:cg=0i are equivalent to 

(f 2 -bh)X=0 9 a 2 -4.cg^0, 

or the twelve lines of intersection break up into the two systems 

f*-bh=0, a 2 ~-4.cg=0, 
and 

(X=) 27h 2 (f 2 ~-bh)-~2g 2 (2fg + ah)^ a 2 -icg^0. 
To determine the lines in question, observe that we have 

( 0, A, —g 9 a \a, j8, y, i) = ; 
-A, 0, /, 5 

and we can by the first three of these express a, J, tf linearly in terms of /, g, h ; the 
equations f 2 —bh=0, a 2 — icg=0, 27h 2 (f 2 —bh)—2g 2 (2fg+ah)=0 become thus homo- 
geneous equations in (f 9 g, h) ; the equations may in fact be written 

^ 2 -4^)=(y 2 +4a% 2 +^ 

l(f-bh) ^lf-ah 2 + 7 hf^0, 

hX =27h\lf 2 ^mh 2 + 7 hf) + 2g 2 {^h 2 -ygh-2lfg)^Q, 

viz. interpreting (/, g, h) as coordinates in piano, the first equation represents a conic, 
the second a pair of lines, and the third a quartic* 
We have identically 

2 |3§f- (y 2 + 4<% + j3yA } 2 ~~ 4/3 2 S(Sf 2 - a# + yhf) 

=(y 2 +4^){(y 2 + 4c% 2 +^ 
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and it thus appears that the two conies touch at the points given by the equations 

we have moreover 

_ (f + 4ai)(j3A a - y^ - 2lfg) = 4j3^ - aA 2 + yA/) 

+ ( _ 2 J/- yA)[2/3X/- (y 2 + 4«% + /3yA], 

hence at the last-mentioned two points —@h 2 +ygh+2lfgis =0; and the quartic X=0 
thus passes through these two points. 

The conic (a 2 —cg)=0 and the quartic X=0 intersect besides (as is evident) in the 
point ^=0, h~Q reckoning as two points, since it is a node of the quartic; and they 
must consequently intersect in four more points : to obtain these in the most simple 
manner, write for a moment 

Q=-(y* + 4o% a +/3%% 
then we have identically 

1 6 j3% 2 (Sf - ah 2 + yhf) ~~n 2 =- [(y 2 + 4c% 2 + fi 2 h 2 ] + 4/3 2 g 2 (yh + 2lf) 2 

= _ { (rf + 4^)# 2 + j3 2 A 2 - 2pygh - ifilfg } { (y 2 + 4c% 2 + j3 2 A 2 + 2(5ygh + ifilfg } 

= ^a 2 -Acg){(f+4<xl)g 2 +^ 
and moreover 

2/3(0A > -2^-y^)-Q=(y' + ^ 
Hence when a 2 — 4:cg=0 9 we have 

and substituting these values in the equation X=0, it becomes 

27A 2 . X6^+ 2 /-2^ : = 5 

viz. multiplying by ld>@% and omitting the factor Q, this is 

27/m + i6j% 4 =0 5 

or finally 

16/3^ 4 -27(y 2 +4a% 2 A 2 +27i3 2 A 4 =0 5 

a pencil of four lines, each passing through the point #=0, A=0 5 and therefore inter- 
secting the conic 

(y» + Accl)g 2 +p 2 h 2 ~2Pygh^4.plhf^ 

at that point and at one other point ; and we have thus four points of intersection, which 
are the required four points. 

Recapitulating, the conic a 2 ~4tcg=Q meets the sextic (/ 2 — M)X=0 in the two points 

[^ 2 -a#+yA/==0, 
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each three times, in the point g=0, h==0 twice, and in the four points 

jl6py^27(y 2 +4«% 2 A 2 +27i3^ 4 =0, 
1 (y 2 + 4«% 2 + (Ph*-2Pygh- 4j3&A/= 

each once. Or reverting to the proper significations of (a, b, e, f\ g, A), instead of points, 
we have 2 lines each three times, a line twice, and 4 lines each once ; the line g=0, A=0, 

that is, #=0, A=0, a=0 3 being, it will be observed, the line g=-=g- drawn from 

(a, /3, y, S) to the point ^=0, 2=0, w=0 9 which is the reciprocal of the uniplane X=0 ; 
the twelve lines are the dd lines of intersection of the circumscribed cone a! with the 
cuspidal cone c\ viz. aV = [«V] + 3^ + %f ; [#V]=4 referring to the last-mentioned four 
lines; ^=2 to the two lines; and %'=2 to the line g=0, A=0, a=0, which it thus 
appears must in the present case be reckoned twice. 



